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1. Introduction

Compressible ows involving a shock wave/boundary layer interaction (SWBLI) can be en-

countered in a number of industrial applications (bu�et, side load in over-extended nozzles, air

inlet...). Moreover, for some con�gurations, low frequency unsteadiness can be originated in

these SWBLI, which can spoil the system or dramatically reduce the performances. The control

of such a ow with eÆciency and a reasonable cost constitutes a major challenge for the near

future. In order to attain this objective, it is necessary to understand the physical mechanism

responsible for the appearance of unsteadiness. This implies the development of very accurate

and low cost numerical methods for the simulation of such ows.

The aim of this paper is to evaluate the eÆciency of di�erent numerical methods, and also

to quantify the e�ect of the grid and the boundary conditions, in the case of an oblique shock

interacting with a boundary layer developing along a plane wall. The ow con�guration is similar

to the one in [7] and [4], but here we increase the angle of the incident shock until unsteadiness

appears. The study is limited to the two-dimensional case, and we will discuss the consequences

of this restriction.

2. Numerical methods

The numerical solution of our shock wave/laminar boundary-layer interaction problem is ob-

tained by solving the 2D unsteady compressible Navier-Stokes equations written here in conser-

vative form:
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) stand for the viscous uxes in the two space directions. System

(1) is closed by assuming that the air satis�es the perfect gas equation with a constant speci�c

heat ratio : p = (� 1)�e, with p the pressure and e the internal energy; moreover the Prandtl

number is also supposed to be constant and set equal to 0:72.

For solving the Navier-Stokes equations, two di�erent numerical schemes have been used.

2..1. AUSM+ scheme

System (1) is spaced-discretized on a cartesian grid using the following conservative scheme:
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where Æ
p
denotes the standard di�erence over a single cell in the pth space direction, ~fE, ~gE are

the numerical uxes approximating the physical convective uxes and ~fV , ~gV are the second-

order centered approximations of the physical viscous uxes.
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The invicid numerical uxes are computed using the AUSM + scheme developped by Liou and

Edwards (1998) [1]. This scheme was retained over ux-vector splitting schemes such as Van

Leer's for its well-known greater accuracy when applied to viscous ow computations and was

also preferred over ux-di�erence splitting schemes such as Roe's for its reduced cost. Purely

centered methods were ruled out for the present highly compressible ow calculations because

they would have required the balance of arti�cial viscosity parameters and / or discontinuity

sensors. High-accuracy of the invicid numerical uxes is ensured through the use of a third and

�fth-order MUSCL reconstruction of the vector of primitive variables (�; u; v; p)t. Usually, the

reconstruction process also involves the use of a slope limiter in order to avoid the appearance of

numerical oscillations in the solution. The main e�ect of this limiting process is to bring down

the accuracy of the scheme to the �rst order in ow regions where it is active: in turn, this

reduction of accuracy can subtantially alter the ow prediction, so that unsteady phenomena

may no longer spontaneously appear. In the present study, the use of such limiter was not found

necessary because enough natural dissipation is provided by the viscous terms to prevent the

occurrence of numerical oscillations.

A time-accurate approximation solution of system (1) is obtained using the following implicit

linear multi-step method:
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where R gathers the space-discretization operators described in the previous section and T is

the three-step approximation of w
t
at time level (n+ 1) de�ned by:
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Th choice of � = 1=2 in formula (4) allows to reach second-order accuracy in time (p = 2). A

dual time technique, promoted by Jameson (1991) [2] to compute compressible ows, is used

to solve at each physical time-step the implicit system R
�

�
w
n+1

�
= 0 where R

�

�
w
n+1

�
=

T
�
w
n+1

; w
n

�
+ R

�
w
n+1

�
. Actually, wn+1 is obtained as a steady solution of an evolution

problem with respect to a dual or �ctious time � :

w
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Solving (5) instead of (3) allows the use of much larger physical time-steps; however, in the mean-

time, it also requires converging to a pseudo steady-state at each physical time-step. Therefore,

the dual time approach is of interest only if system (5) can be eÆciently solved. In the present

study, a matrix-free point-relaxation method allows to obtain a steady solution of system (5)

after a few number of subiterations on the dual time; moreover this implicit treatment induces a

low storage requirement which makes the treatment of the large number of grid points accessible

with moderate computer con�gurations (see for instance Luo et al. (2001) [3] for more details

on this implicit technique).

2..2. OSMP7 scheme

The second scheme (named OSMP7) was recently developed in [6]. It is an upwind, seventh

order accurate in time and space (at least in the scalar case) explicit scheme. It is based

on a coupled time-space Lax-Wendro� type approach, and a Strang splitting is used in the

multidimensional case. For solving the Navier-Stokes equations, the scheme is formally only

second order accurate due to the splitting. Nevertheless, the level of error of the scheme is very

low, and it has been shown to give very accurate results for several test cases, using coarse

meshes [6]. A monotonicity-preserving constraint is incorporated to the scheme, which is active

only in the vicinity of steep gradients regions where it acts similarly to a TVD limiter. In such

a way, no numerical oscillations are generated in calculating discontinuities (shock waves for
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instance). In smooth regions and in the vicinity of extrema of the solution, the monotonicity-

preserving constraint is naturally satis�ed implying that the limiting process is not activated,

and the order of accuracy of the scheme can be preserved. This is a very important di�erence

with classical TVD schemes, for which accuracy degrades to �rst order near extrema with the

e�ect of clipping extrema.

3. Computational domain and boundary conditions

The numerical methods described in the previous sections are applied to the computation of

an oblique shock wave / laminar boundary layer interaction on a ate plate. Experimentally,

the oblique shock wave is generated using a wedge which deects the incoming supersonic ow;

numerically, it is suÆcient to impose the incoming supersonic ow V
1

= (�
1
; u
1
; v
1
; p
1
)t on

the lower part of the inlet plane x = 0 (see �gure 1) while another (supersonic) state V
down

is

imposed on the upper part of the inlet plane and on the top plane (y = y
max

). This state is

computed such as to satisfy the Rankine-Hugoniot relations across a shock with the upstream

state V
1

and the given shock wave angle �. The oblique shock wave begins on the inlet plane

and propagates though the domain down to the at plate (see �gure 1). At the exit plane, the

conservative variables are extrapolated at �rst-order from the values at the nearest upstream

location. Note that this extrapolation is well posed for the supersonic invicid ow outside the

boundary layer but also for the subsonic ow in the boundary layer close to the wall because

of the parabolic nature of the ow equations in this region. The at-plate is assumed to be

an adiabatic wall where the velocity vector is set to zero (no-slip condition). For the AUSM+

scheme, the pressure is extrapolated at �rst-order using the values just above the plate. For the

OSMP7 scheme, the mass conservation equation and the adiabaticity condition are discretized

along the wall using forward �nite di�erence formulae, with fourth order space accuracy. A

symmetry condition is imposed along the line y = 0 upstream of the ate plate.

4. Preliminary computations and assumptions

The space coordinates are non-dimensionalized by the interaction length X
sh
. The two dimen-

sional domain extends from x = �0:2 to x = 2 and from y = 0 to y = 0:97. Two di�erent

grids are used: a uniform grid involving 597� 620 points (thereafter called "UG") and a second

grid involving 400 � 180 points, thereafter called "NUG", uniform in the x direction and using

a geometrical progression in the y direction (the �rst mesh spacing is equal to �y = 7:8:10�5

with a reason equal to 1:2). Degrez et al. [7] have shown that for � = 30o8 the ow remains

stationary and two-dimensional. Furthermore it remains laminar at least until the end of the

measurement zone. The evolution of the SWBLI when the incident shock angle increases is a

very complex problem. Fig. 2, taken from [5], shows the ow organization in a three-dimensional

con�guration, depending on the incident shock angle and the transverse size of the computa-

tional domain. These three-dimensional computations have shown that unsteadiness is likely to

appear when the angle of the incident shock �, is greater than 32o7. These computations also

highlighted a complex process leading to the onset of unsteadiness. In a �rst phase the ow

becomes three-dimensional and stationary. This state is also unstable and can lead to a fully

three-dimensional and unsteady ow. The �nal state is reached more and more quickly when

the angle of the incident shock increases.

In the present paper, although the ow is clearly three-dimensional for an angle higher than

32o7, we will voluntarily limit ourselves to the two-dimensional case, having for objective to test

di�erent high resolution numerical methods, rather than describing the physics of a SWBLI.

Indeed, in the case of strongly unstable ows the sensitivity and the di�erences between the

various methods are exacerbated.
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5. Numerical results

In the case where the computation is limited to two-dimensional con�gurations, a weak un-

steadiness appears when the angle of the incident shock is greater than 34o7. Previous studies

have shown that for an angle lower than 34o7, the two numerical schemes and the two grids

used give completely identical results. In Fig. 3 is shown the evolution of the separated zone

generated by the SWBLI for � = 32o and � = 33o. From now the value of the angle will be �xed

to 35o. Our numerical simulations reveal that the ow is unsteady when we use a third order

AUSM+ scheme with the NUG grid to compute the Euler uxes. For a two-dimensional ow,

the physical mechanism responsible for unsteadiness comes from the development of secondary

vortices embedded in the main recirculating zone.

The question is to know if this ow con�guration is robust with respect to variations of

the scheme and the mesh used. We have then reproduced the same calculation by using the

�fth order AUSM+ scheme and the seventh order OSMP7 scheme with the two grids described

above. The scheme OSMP7 gives the same topology and the same dynamics for all grids (see

�gures 4-d and 5). This is not the case when considering the AUSM+ scheme (O(3) or O(5)).

Indeed, the AUSM+(3) and AUSM+(5) results show a similar topology in the non-uniform

grid (NUG), but the dynamics is di�erent (see �gures 4-a and 4-b). The ow obtained with

AUSM+(5) is slightly unsteady, the uctuations are three times weaker and double in frequency

compared to those obtained using AUSM+(3) in the same grid. In the UG grid, the AUSM+(5)

scheme show the same topology and dynamics that those obtained with OSMP7 scheme (see

�gures 4-c and 4-d). These results show that the AUSM+ scheme, for this kind of ow and

this angle of incidence, depends crucially on the mesh used. The reasons for this dependency

must be related to the space and time accuracy in a given mesh. The fact that the ow is

three-dimensional for this angle of incidence, leads to calculate two-dimensional ows which are

strongly unstable and become very dependent on small variations in the transient evolution of

the solution. As was shown previously, the dynamics and the topology of the separated zone

are strongly related to those of the secondary recirculation zones. These multiple secondary

recirculations are typically observed in two-dimensional geometries, but are unrealistic in real

SWBLI. In the recirculation zone, there are strong gradient zones separating very low speed

zones (M ' 0:1) and compressible subsonic zones (M ' 0:6). These characteristics must be

accurately computed because their evolution, especially in the transient stage of growth of the

bulb, condition the �nal global dynamics of the separated zone.

With the O(3) scheme, the topology and consequently the dynamics of the bulb is not correct

due to an insuÆcient accuracy to compute the right evolution of the secondary structures. This

insuÆciency seems to be related to the too fast unre�nement of the grid in this zone. The implicit

character of the scheme and the low order of the temporal scheme (second order) worsened the

lack of accuracy. This does not seem to be the case of the OSMP7 scheme which is an explicit

seventh order scheme in time and space. When the grid is suÆciently �ne the two schemes give

identical results.

6. Conclusion

The main conclusion of this paper is that the OSMP7 scheme gives highly accurate results in

calculating an unsteady SWBLI, where low speed zones are close to high speed zones. The

accuracy properties of the scheme are not degraded when a non uniform mesh is used. We have

compared the OSMP7 scheme with a high order implicit AUSM+ scheme which is supposed to

be very e�ective for this type of ow. Two grids were used. The �rst one is a uniform �ne grid

being used as reference and the second one is geometrical in the y direction with a relatively high

ratio. As long as the ow is not unstable, both schemes converge towards the same solution,

but if the ow is unstable, the solution becomes strongly dependent on the numerical method.

4



The AUSM+ scheme was shown to be less robust than the OSMP7 scheme, in particular in

the steep gradient zones where the grid is insuÆciently re�ned. On the other hand the OSMP7

scheme, thanks to a coupled time-space approach, makes it possible to preserve a good accuracy

even when the grid is insuÆciently �ne. However, the explicit character of the scheme makes

the convergence towards the solution very expensive.
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Figure 1: Scheme of shock wave boundary

layer interaction with some notations used.
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Figure 3: Isochors and streamlines, skin-friction coeÆcient for � = 32o5 and 33o with uniform

mesh in x and geometrical in y (400 � 180), AUSM + O(5) scheme.
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Figure 4: Horizontal velocity in the recirculating zone. Top : uniform mesh in x and geometrical

in y (400 � 180), scheme AUSM+ O(3) order on Euler uxes (left) and AUSM+ O(5) (right).

Bottom : uniform 597x617 mesh, AUSM+O(5) scheme (left), OSMP7 scheme.
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Figure 5: Horizontal velocity in the recirculating zone. uniform mesh in x and geometrical in y

(400 � 180), OSMP7 scheme.
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