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Stability of flows, and especially global stability, has become a crucial point in fluid

mechanics over the past few decades. Not only asymptotic dynamics is of interest in

this case, which is a natural issue of stability analyses, but also short time behaviour

with flow control objectives. However, with certain configurations, namely with finite-

difference schemes and collocated grids, problems with pressure boundary conditions can

occur for incompressible flows. These difficulties are mainly due to decoupling between the

velocity and the pressure in the linearized Navier-Stokes equations as well as the continuity

equation. In this paper, we show that a staggered approach allows to overcome these

defects. Three academic test cases - a backward facing step, a flow over an open cavity and

a flow around a cylinder - the stability of which is analyzed with both the staggered and

the collocated approaches, and the results are compared.

I. Introduction

The stability analysis of flows is a part of fluid mechanics, the utility of which has no longer to be demon-
strated. The contribution of this discipline in the comprehension of unsteady phenomena or for flow control
are good illustrations. The seek of the stability modes involves in general the resolution of an eigenprob-
lem derived from the linearized 3D incompressible Navier-Stokes equation operator. Historically, this was
mainly done by a matrix approach using algorithms such as QR methods or Krylov projections. Past few
years, “time-stepping” methods (see reference1), based on DNS solvers, have known a growing interest. Each
method has its own advantages and drawbacks. The time-stepping methods are easy to implement from a
DNS solver, they are particularly low memory consuming and we have good knowledges of the implemen-
tation of the boundary conditions ; however they are in general high time consuming. On the contrary, the
matrix methods are very faster than the time-stepping methods, but they are high memory consuming and
they can exhibit difficulties in the treatment of the pressure boundary conditions and the compressible regime

This paper adresses the problem of computing global instabilities by solving a discretized eigenproblem.
In previous studies, we used DRP finite difference schemes with a collocated formulation and we presented
good results for incompressible flows compared to the litterature. Nonetheless, non physical boundary con-
ditions or special treatments were necessarily imposed on the fluctuating pressure to get them. This problem
is clearly related to the decoupling between velocities and pressure in the Navier-Stokes linearized equations
with finite-difference schemes and collocated formulations. More precisely, in this context it can be diffcult
to ensure the continuity equation. This is the reason why the problem is more painful with a 2D perturba-
tion than with a 3D one, for the pressure appears directly in the equations whereas it doesn’t in the first case.

As a consequence, we present here eigenproblem computations on staggered grids, keeping DRP schemes
for the evaluation of the fluctuating unknowns derivatives. The staggered formulation allows to partially
remove the constraints on the pressure boundary conditions. Finally, we present results for backward facing
step, flow over an open cavity and cylinder and we compare them to collocated computations, showing a
sensitive improvement concerning spectra and eigenfunctions.
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II. Global Stability Theory

The analysis of flow stability is based on the three dimensional incompressible Navier-Stokes equations.
The instantaneous flow is written as the superimposition of a basic flow and a small perturbation. All physical
quantities q (velocity and pressure) are thus decomposed into an unperturbed value and a fluctuating one:

q(x, y, z, t) = Q(x, y) + ε q′(x, y, z, t) (1)

with Q = (U, V , W, P )T and q′ = (u′, v′, w′, p′)T representing the basic flow and the unsteady three-
dimensional infinitesimal perturbations, respectively. In the following, the base flow is supposed to be
two-dimensional and steady.

According to the base flow properties, the perturbation can be sought as inhomogeneous in x and y
directions and periodic in z and t. When substituting (1) into the governing equations, taking ε ≪ 1 and
linearizing about Q, any fluctuating quantity is written as

q′(x, y, z, t) = q̂(x, y) exp [i (βz − ωt)] + c.c. (2)

with q̂ = (û, v̂, ŵ, p̂)t representing the vector of two-dimensional complex amplitude functions of the in-
finitesimal three-dimensional perturbations. In the present temporal framework, β is taken to be a real
wavenumber parameter, z direction being taken as homogeneous, while the complex eigenvalue ω, and the
associated eigenvectors q̂ are sought. The real part of the eigenvalue, Re(ω), is related with the frequency of
the global eigenmode while the imaginary part represents its growth/damping rate; a positive value of Im(ω)
indicates an exponential growth of the instability mode while Im(ω) < 0 denotes a decay of q′ in time.

The linear disturbance equations of global stability analysis are obtained at O(ε) by substituting the
decomposition (1) into the equations of motion, subtracting out the O(1) basic flow terms and neglecting
terms at O(ε2). The system for the determination of the eigenvalue and the associated eigenfunctions q̂ in
its most general form can be written as the complex non-symmetric generalized eigenvalue problem

L(ω; Re, β)q̂(x, y) = 0 (3)

with the linear operator L written as L = M1∂
2/∂x2 +M2∂

2/∂y2 +M3∂/∂x+M4∂/∂y+M5, where M j

are six (4 × 4) complex matrices which are functions of the base flow and of the coefficients ω and β. The
incompressible global linear eigenvalue problem (3) is transformed into a discrete matrix eigenvalue problem:

[A(Re, β) − ωB(Re, β)] Ẑ = 0, (4)

where Ẑ =
{
q̂ij

}
. A standard Arnoldi algorithm2 along with a Shift and Invert method is used to compute

the eigenvalues.

III. Numerical method

III.A. Staggered Formulation

Staggered formulations was originally developed for incompressible computations. They are based on the
fact that velocities and pressure don’t exist in the same mathematical space. The pressure space is one
dimension less than the velocities ones. As a consequence, the pressure grid must theoretically have the
same attributes than the corresponding space. This means that the pressure and the velocities grids have to
be different: if the velocities grid has n points, the pressure one must include n − 1 points.

Several staggered formulations exist. The most popular are: (i) the most simple staggered grid (figure
1-(b)) where the velocities are evaluated at node points and the pressure stands at the center of each cell,
and (ii) the Mac formulation (figure 1-(c)) where each velocity component is evaluated at one edge of the
cell, the pressure still standing at the cell center.

To use various grids for the different variables implies to interpolate them between the grids in addition
to the classical derivations. These interpolations necessarily create new numerical errors. In order to limit
them, we use the Mac formulation which is well known to minimize the number of interpolations.
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Consequently, as we are concerned, the streamwise and the normal velocities (respectively ũ and ṽ) are
computed at each edge normal to the corresponding velocity. The pressure is evaluated at the cell centers.
When a 3D perturbation is considered (β 6= 0), the spanwise velocity w̃ is also computed at cell centers,
which correponds to the projection of a 3D grid to a 2D one.
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Figure 1. Nodes arrangement. (a): collocated grid - all variables are sought in the same grid (•). (b): classical staggered

arrangement - eu and ev are sought in black grid (•) whereas ew and ep are sought in the red one (�). (c): Mac staggered

arrangement - eu is sought in the blue grid (�) , ev in the green one (N), and ew and ep in the red one (�).

The use of staggered grids allows, in general, to simplify the treatement of pressure boundary conditions.
Especially, concerning the pressure, it also permits to physically remove the corners from the domain which
often act as singular points. However, “implicit” boundary conditions are still necessary for the points
closed to the edges of the domain. These conditions are taken into account directly in the different schemes
of discretization/interpolation. The notion of “implicit” boundary condition is detailed in section III.B.

III.B. Spatial Discretization/Interpolation

In order to evaluate the first and second derivatives in the x and y directions we use a finite difference
formulation instead of the classical spectral collocation method. We already showed3 that this was an inter-
esting alternative to spectral collocation methods for global stability analysis. In details we showed that the
necessity to use more grid points than spectral to reach the same precision was counterbalanced by great ben-
efits in time and memory consuming by taking advantage of the short stencils of the finite difference schemes.

Because of the staggered formulation, special care is to be taken of the computation of the different
derivatives. Particularly, a crucial point is the necessity to evaluate unknows from a grid to another. Thanks
to the Mac formulation, the number of interpolations is minimized. Namely, whatever the variable and
whatever the grid, we need at most one interpolation and one discretization stage. We use only 1D directional
stencils. Consequently, we only need three schemes (or stencils): one scheme to discretize a variable inside its
own grid (figure 2-(a)), one scheme to discretize a variable outside of its grid (figure 2-(b)), and one scheme
for the 1D interpolation (figure 2-(b)). All the unknows of the linearized equations can be evaluated by a
combination of at most two of these schemes.

b b b| | | bC | | |b b b

(a)

b b b| | r | |b b b

(b)

Figure 2. Discretization - Interpolation. (a): stencil (• and ◦) used to evaluate derivatives (◦) inside the same grid.
(b): stencil (•) used to interpolate or derive (�) between two grids.

Coefficients for the dicretization are based on the DRP schemes of Tam & Webb,4 whatever the kind of
discretization. Interpolations are done through the classical Lagrange method. Similarly to DNS solvers,
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we use the same stencil length for interpolation and discretization even if we observed that it has not a
qualitative influence on the results.
Finally, curvilinear meshes are considered thanks to a coordinate transformation system.5

As previously mentioned, “implicit” boundary conditions are considered for points closed to the bound-
aries. These conditions are implemented because, depending on the grid and the variable(s) considered, it is
sometimes impossible to precise the state of the flow whereas it is necessary to well conditioned the problem.
For instance, in the figure 3, we seek to evaluate the derivative of the variable X at the white point (◦) from
the black points (•). The domain is bounded at the left by a wall (�) but the mesh starts at the firts left
black point. Using the classical stencil described in the previous section, the no slip boundary condition at
the left wall has no influence on the computation of the derivative. In order to take it into account, we add
the wall point (�) to the derivation stencil, imposing that X = 0 at this point.

b br | | bC | | |b b b

Figure 3. “Implicit” boundary condition.

The wall point is then seen as a ghost point and it is directly considered for the computation of the
derivation coefficients. That is what we mean by “implicit” condition. They can be of Dirichlet or Neumann
type.

III.C. Eigenvalue problem resolution

To solve the eigenproblem resulting from the linearization of the Navier-Stokes operator we use the PARPACK
library based on the Arnoldi algorithm which is Krylov like. In order to precondition the matrices A and
B, and to have the possibility to chose the region of the spectra that we want to study, we also use a Shift

and Invert strategy. The resulting code is then decomposed in two phases : (i) a LU factorization of the
(A − σB) matrix (where σ) represents the shifted value, (ii) the Implicitly Restarted Arnoldi Method of
the PARPACK library. The most crucial point is of course the Arnoldi algorithm. However the first phase
is the most memory consuming. The idea of Rodŕıguez & Theofilis to parallelize this phase with the help
of the ScaLAPACK library gives more flexibility since it offers much more memory. On the other hand,
in the reference3 we rather recommand to reduce the intrinsic memory cost of the stability code by the
use of finite-difference short stencils for instance. Consequently, a good compromise would be to use band
matrices in a parallel formulation, but the corresponding “Divide & Conquer” algorithm of ScaLAPACK is
only efficient for narrow band matrices, and this is not our case. For this reason, we use the MUMPS library,
a direct massively parallel sparse solver, which allows to considerably reduce inner memory consuming while
keeping possible future work in parallel developpements.

IV. Test cases

IV.A. Base Flows

We present here three incompressible cases to illustrate the improvements brought by the staggered for-
mulation compared to the classical collocated one. The first one consists of a flow over a backward facing
step, the global stability of which was already studied few years ago by Barkley et al. 6 in 2002 with a
time-stepping method, who showed the existence of a 3D steady unstable global mode for a critical Reynolds
number of about 748. The second one is an open cavity case, intensively analysed by Rossiter7 for subsonic
and transonic flows where he demonstrated the feedback destabilizing effect of the downstream corner on the
mixing layer thanks to the pressure. The results presented here are compared to these of Barbagallo et al. .8

The last one is a flow over a cylinder. Many authors interested in the stability of such a case like Barkley,9

Giannetti & Luchini10 or Marquet et al. .11 The global stability analysis in this case has highlighted that
the first destabilization occurs through an oscillatory two-dimensional mode leading to the vortex shedding
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for a Reynolds number between 46 an 47 according to the authors. For each case, the Reynolds number is
based on the streamwise velocity at upstream infinity. The reference length are the deepness of the step in
the first case, the width of the cavity for the second one, and the diameter of the cylinder.

To obtain a base flow well converged (≈ 10−10) is a prerequisite for a reliable stability computation. To
this aim, a two order unstructured staggered solver is used. When the computation is located beyond the
threshold of criticality, the base flow solution is not physically observable. To compute the base-flows, we
proceed as in Tuckerman & Barkley,12 where a time-dependent simulation of the two-dimensional Navier-
Stokes equations is first used to obtain an approximate solution of the steady solution at low Reynolds
number where it is stable to two-dimensional perturbations. Considering the backward facing step and the
cylinder, the solution at larger Reynolds number is followed by continuity using the Newton method and
starting the iterative process with the solution at smaller Reynolds number as a guess. Steady solutions may
be computed for any Reynolds number by this procedure even when the flow is unstable in two dimension.
For the computation of the open cavity’s base flow for Reynolds number greater than the critical one, a
temporal filtering method is used, the details of which can be found in the reference.13

As the stability code is built for structured meshes, it is thus necessary to interpolate the base flow
obtained by the N-S code on adequate mesh. To not degrade the solution too, this operation is performed
by cubic splines. On the figure 4 hereafter are presented the different base flows used on entry to the global
stability code.
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Figure 4. Base Flows - streamwise velocity ū. (a): backward facing step, Re=750, [Nx × Ny ] = [198 × 151].(b): open
cavity, Re=7500, [Nx × Ny] = [299 × 244]. (c): cylinder, Re=46, [Nx × Ny] = [151 × 150].

IV.B. Backward Facing Step

The backward facing step constists of a flow in a rectangular duct with a sudden growth of section. The
domain (x, y) is in [−1; 30] × [−1; 1], the upstream duct section has a height of 1 (the spanwise direction is
infinite) whereas it is of 2 for the downstream section, the step stands at x = 0. The flow is characterized by
multiple recirculation bubbles laying alternatively at lower and upper face. The first bubble is a consequence
of the step (geometrical origin) whereas the following ones come up because of the flow curvature. The global
stability of such a flow was first analysed by Barkley.9 The 2D base flow owns a 3D non-oscillating mode
which leads to a 3D steady flow for a critical Reynolds number of 748 according to Barkley. We presented
in the reference3 a similar analysis with matrix method following a collocated approach. We found a critical
Reynolds number of 768, closed to Barkley. The results showed hereafter correspond to a staggered ap-
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proach. Three cases at different Reynolds number were carried out (Re=750, 800 and 850). We compare the
spectra as well as the eigenfunctions to collocated. Computations were made for a 2D and a 3D perturbation
(with a spanwise wave number β = 0.9 in this last case). Boundary conditions are such as: (i) explicit and
implicit no slip boundary conditions are set for velocities at walls, (ii) the fluctuating velocities are set to
zero explicitly and implicitly at inlet, (iii) a Neumann condition is set explicitly for the streamwise velocity ũ
whereas no special implicit boundary conditions are imposed for the other velocity components. No implicit
conditions are set for the fluctuating pressure, so it is.

The figures 5 and 6 present respectively spectra and eigenfunction comparisons. Whereas the eigenfunc-
tions have a good agreement with collocated results, the eigenspectra are slightly different.
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Figure 5. Backward Facing Step - Re=750. Eigenvalues for collocated (�) and staggered (•). (a): 2D perturbation
(β = 0.0), (b): 3D perturbation (β = 0.9).

The less stable modes, or the unstable ones, are nearly identical. The most stable modes are, on the con-
trary, relatively different because they are not converged in both staggered and collocated. Most interessant
is the upper branch. This last one has a sudden non physical break of slope for the high frequency modes
with the collocated formulation. The staggered approach corrects this discrepancy. Another important issue
deals with the pressure boundary condition at outlet for a 2D perturbation. Whereas it is necessary to
impose a Dirichlet condition in collocated, that is not a satisfying solution from a physical point of view, we
obtain a good result in staggered without special or non physical treatments.
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Figure 6. Backward Facing Step - Re=750, β = 0.9. Comparison between collocated ( ) and staggered ( ).
Fluctuating non conservative variables for the least stable / most unstable mode - (a): |eu|, (b): |ev|, (c): | ew|, (d): |ep|.

As previously mentionned, the comparison of the eigenfunctions produces similar results whatever the
approach. The iso-value curvatures are mainly superimposed and the centers of the recirculation aera are at
the same position, namely on the dividing streamline and the reattachement point of the base flow bubbles.
Finally, the critical Reynolds number evaluated using the staggered computation is of 761 approximatively,
which is close to the one found with collocated approach (Rec = 768) and closer to Barkley’s results (Rec =
748).

IV.C. Flow over an Open Cavity

The 2D incompressible flow over an open square cavity is of great interest, particularly from an industrial
point of view. Especially, the noise induced by such a flow is for many years a classical scientific issue. Many
authors like Rossiter7 worked on it. In a compressible framework, this flow is characterized by a feedback
loop between the downstream corner and the upstream one, where the mixing layer comes up, through an
acoustic wave. Several stability analysis were carried out for incompressible cases by Theofilis,14 or more
recently by Barbagallo et al. 8 in a control purpose with a finite-element code. They exhibit the existence of
two families of mode of different nature. The first kind of modes is mainly linked to the mixing layer and are
in global framework Kelvin-Helmholtz instabilities. The other one is generally located inside the cavity and
these modes are highly dependent on the Reynolds number. The second class of modes is easy to recover
using a simple global analysis on a lid-driven cavity. Many references deal with it like.3 On the contrary, the
first class is harder to compute, particularly in a collocated context, mainly because of pressure boundary
conditions and downstream corner which is a singular point. Using a staggered formulation allows to simply
overcome these difficulties.
Our physical domain lays between -1 and 4 in the x direction and -1 and 0.5 in the y direction. The cavity
has a width and a height equal to unity and begins at x = 0. The Reynolds number is taken to be equal
to 7500 in order to allow comparisons with the results of Barbagallo et al. . At such a Reynolds number, 4
global unsteady unstable convective modes of different frequencies exist. The perturbation is assumed to be
2D (β = 0). The boundary conditions imposed for the stability analyses are similar to the ones used for the
backward facing step: wall boundaries, inlet and oulet are all identical. Only the upper one is different since
we imposed a symmetrical conditions as Barbagallo et al. did. The figure 7 hereafter shows the spectrum we
obtain together with the eigenfunction corresponding to the most unstable mode. The table 1 summerizes
the frequencies and the amplification rates of the four unstable modes both for our computations and for
Barbagallo et al. .
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Figure 7. Open Cavity - Re=7500, β = 0.0. (a): Eigenvalues spectrum: Barbagallo et al. (N), our solution (•).
Fluctuating non conservative variables of the most unstable mode - (b): |ℜ(u)|, (c): |ℜ(v)|, (d): |ℜ(p)|.

From a qualitative point of view, the eigenvalues as well as the fluctuating variables are in good agreement
with the results of the litterature. We clearly observe the convective nature of the instability coming up at the
begining of the mixing layer. Concerning the numerical results, the circular frequency and the amplification

Circular frequency Amplification rate

Barbagallo et al. Our results Barbagallo et al. Our results

Mode A 10.9 10.97 0.890 0.924

Mode B 13.8 13.91 0.729 0.816

Mode C 7.88 7.91 0.466 0.466

Mode D 16.73 16.86 0.0324 0.1831

Table 1. Open cavity - Re=7500, β = 0. Summerizing table of the 4 unstable modes.

rate we find for the four unstable modes are slightly different from those of Barbagallo et al. . Precisely,
our results are more and more different as long as the circular frequency is higher. These discrepancies are
likely explain by the fact that high frequency modes are mostly difficult to converge. Even if we worked with
more refined grids and that we didn’t observe any evolution of the modes, finite differences have wavelength
limitations beyond which the waves are not well discretized.

IV.D. Cylinder

The flow over a cylinder is a well known academic test case. The first global stability analysis carried out
on such a flow was performed by Zebib.15 He showed that this flow owns an unsteady 2D destabilizing
mode which leads the originally steady flow to become unsteady with a vortex shedding. Since Zebib, many
authors interested in this case. The last ones, like Giannetti & Luchini10 or Marquet et al. 11 found a critical
Reynolds number of 46.7 and 46.8 respectively, corresponding to a Strouhal number equal to 0.119. In a
previous study, we also performed such an analysis with a collocated approach and our critical values was
closed to these of the litterature (Rec = 46.6 and fc = 0.119). However, like in the backward facing step with
a 2D perturbation, we had to implement non physical boundary conditions for the pressure (Dirichlet) at
outlet in order to obtain a satisfying spectrum. These conditions caused oscillations at the boundaries of the
domain as in the figure 8-(a). In this context, the staggered formulation allows to avoid these oscillations.
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Our domain is bounded by a cylinder at the wall and by an ellipse at far field. The cylinder is centered in
(0; 0) and the ellipse is centered in (10; 0). The cylinder has a diameter equal to unity ; concerning the ellipse,
the semi-major axis is equal to 20 and the semi-minor one is 15. The boundary conditions on the cylinder are
wall like as described in the previous sections. For the far field, a Neumann condition is explicitly imposed
on the normal velocity ṽ while no implicit conditions are used for other velocities. As for the collocated case,
the far field fluctuating pressure p̃ needs a Dirichlet boundary condition in order to have correct results.
Nonetheless, unlike to collocated, this condition is implicitly imposed and, as a consequence, the constraint
on the pressure is weaker. The improvements on the fluctuating pressure distribution is particularly sensitive
as shown in the figure 8-(b), where we note that the oscillations completely vanished.
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Figure 8. Cylinder - Re=46, β = 0.0. Fluctuating pressure ep - (a): collocated, (b): staggered.

Concerning the eigenvalues, the circular frequencies and the amplification rate of the 2D perturbation
are significantly of the same order of magnitude with both collocated and staggered. The critical Reynolds
number and frequency with staggered are respectively equal to 46.5 and 0.1185 which is very closed to the
litterature.

Circular frequency Amplification rate

Red Collocated Staggered Collocated Staggered

46 0.74603 0.74449 −2.4680× 10−3 −2.2131× 10−3

47 0.74752 0.74570 +1.7388× 10−3 +2.2369× 10−3

48 0.74890 0.74707 +5.8291× 10−3 +6.3513× 10−3

49 0.75018 0.74834 +9.8075× 10−3 +1.0353× 10−2

Table 2. Cylinder. Summerizing table of the circular frequencies and the amplification rate for the collocated and the
staggered formulations.

V. Conclusion

As a conclusion, we presented in this paper a global stability code based on DRP finite-difference schemes
with a coordinate transformation system. Two formulations was used, namely the collocated and the Mac
staggered ones, and the results of the both approaches were compared for three academic cases: a backward
facing step, a flow over an open cavity and a flow around a cylinder. We showed that, although being simple
to implement, the collocated formulation has intrinsic drawbacks related to the pressure boundary conditions.
These drawbacks can lead to partially wrong results for the prediction of the eigenvalues as well as for the
spatial distribution of the fluctuating field. Finally, we demonstrated that the staggered formulation, thanks
to its intrinsic configuration, allows to partially overcome the drawbacks of the collocated. The pressure
boundary conditions are sometimes always necessary, but they are less binding than with a collocated
formulation so that it is a very substantial improvement.
At last, using this method allows to considerably reduce the time and memory consuming compared to
classical spectral methods, thanks to the use of sparse matrix strategy (with the MUMPS library), while
keeping the possibility to develop massively parallel version in future works.
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