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Abstract The ability of capturing the noise amplifier dynamics of a boundary layer on a flat plate subjected
to an adverse pressure gradient by means of a global modes strategy is numerically investigated. After a brief
description of the mechanism regarding the exact optimal perturbation fields, the system is rewritten into
an input–output framework. In order to achieve this, the input and output are derived from a direct-optimal
growth computation through the perturbation fields at times t = 0 and t = topt where the wave packet reaches
a maximum energy growth. By expanding the flow disturbance variables as a summation of global modes, their
observability, controllability, and truncation error are assessed. It is shown that the truncation error decreases
by taking into account highly temporally damped global modes. Therefore, we propose the ability of a reduced-
order model based on global modes to capture the full dynamics of the stable subspace, under the consideration
of a large number of modes.

Keywords Separated flow · Optimal perturbation · Transient growth · Global modes · Reduced order model ·
Direct-adjoint method · Input/output · Controllability/observability

1 Introduction

Fundamental studies of stability analysis are motivated by the need of delaying transition to turbulence in
order to increase aerodynamic performances. In particular, control strategies oriented to minimize perturba-
tion energy induced by external disturbances are of great practical interest in engineering applications. In
particular, any small external perturbation may excite flow in such a way that cause non-linear effects and
transition to turbulence. Such a linear path associated with large transient growth effects is a common feature
of the so-called bypass mechanism. This latter is characterized by the non-orthogonality of eigenvectors with
regards to the matrix operator derived from the linear stability problem [27].

Since the study of Cossu and Chomaz [13], it is well known that open flows exhibit a large transient
growth which is characterized by a global measure of the convective instability of the system. In this “global
framework”, the convective phenomenon could be highlighted by a non-modal analysis with respect to a linear
eigenvalue problem where the streamwise direction of the flow is taken as an eigendirection.

With increasing computer resources as well as the development of efficient algorithms, the computation of
two-dimensional disturbance modes as matrix eigenmodes of the discretized linearized Navier–Stokes equa-
tions is now reachable for a wide variety of flows. For instance, this approach has been applied successfully
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Fig. 1 Flat plate separated flow configuration of the present study

to compute critical global modes associated with resonator dynamics in various systems as open-cavity flows
or separated flows [28].

Based on the analysis of Cossu and Chomaz [13] and Chomaz [12], Ehrenstein and Gallaire [15] have
investigated the convective mechanism of the classical flat plate boundary layer, by means of an appropriate
superposition of two-dimensional global modes. The previous study provided a possibility of model reduction
based on global modes with flow-control applications. In particular, the control of an open-cavity flow by
Åkervik et al. [2] based on a reduced-order model (referred to as R.O.M hereafter), derived from a global
modes expansion of the perturbation, stabilized the asymptotic global unsteadiness of the flow. Nevertheless,
one may remark that, where large disturbances are present, the control objective in many cases is to minimize
the energy of the perturbation evolving into the flow in order to prevent the turbulence transition [11]. The
recent study based on a balanced reduced-order model on a flat plate boundary layer by Bagheri et al. [5] where
the observability/controllability of the modes are discussed, is a first attempt to develop an efficient control
design minimizing the amplifier behavior of a spatially evolving flows. Although these methods have been
applied with success in the control of asymptotic and transient behavior, their success is strongly dependent
on the dynamics of the specific flow situation.

For instance, we may refer to the recent study of Barbagello et al. [7] regarding the unstable dynamics of a
low Reynolds number open-cavity flow. The authors pointed out, through an input–output point of view, a poor
efficiency of the R.O.M based on global modes to simulate the stable subspace. On the other hand, Passaggia
et al. [22,23] reassessed the ability of a R.O.M based on global modes to control the flapping unsteadiness of
a flow over a bump. An orthogonal projection was used by these investigators in order to overcome the numer-
ical difficulty arising from the strong separation between adjoint and direct modes while using a biorthogonal
projection. This last study suggested a better behavior of the R.O.M with respect to global modes. Therefore,
it is pertinent to recall the ability of the global modes strategy to capture the dynamics associated with the
stable subspace.

In order to address this issue, we propose to reconsider this problem in a fundamental configuration. A flat
plate separated boundary layer, as depicted in Fig. 1, is considered as a prototype flow. The dynamics of such
a flow at low and moderate Reynolds numbers is governed by its strong ability to amplify noise [10,19].

The worst case scenario, i.e the optimal disturbance, will be studied. First, we describe the optimal perturba-
tion derived from a time-stepping method. In order to illustrate the mechanism regarding the separated flow, this
will be compared with a flat plate boundary layer and a decelerated flow. Then, the ability of the R.O.M based
on global modes is studied in an input–output framework by taking as a reference the time-stepping results.

2 Base flow

2.1 Generalities

The incompressible 2D Navier–Stokes equations are written in the vorticity–stream function (W, �) formu-
lation. The fluid motion is thus governed in the computational domain D by:

∂W
∂t

+ U
∂W
∂x

+ V
∂W
∂y

= 1

Re

(
∂2W
∂x2 + ∂2W

∂y2

)
,

(
∂2�

∂x2 + ∂2�

∂y2

)
= W in D (1)

where Re represents the Reynolds number and (U, V ) the velocity fields such as U = ∂�/∂y, V = −∂�/∂x .
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Fig. 2 Computational domain and boundary conditions used for the base flow. The separated flow case is considered

Given the elliptical nature of the system (1), boundary conditions for all quantities on the borders of D,
denoted by δD, have to be imposed. In order to create an adverse pressure gradient, a specific suction profile
at the upper boundary condition is prescribed. A Blasius profile at the inflow, referenced as •B , outflow along
with wall boundary conditions close the system (1) (Fig. 2).

2.2 Numerical method

The temporal integration is performed using a second-order scheme Adams-Bashforth/Backward-Differentia-
tion (AB/BDE2). This method is based on an implicit treatment of the viscous terms and an explicit treatment
of the advection terms:

1

�t

(
3

2
Wn+1 − 2Wn + 1

2
Wn−1

)
= 2N

(
Wn) − N

(
Wn−1) + L

(
Wn+1)

with L = 1

Re

(
∂2

∂x2 + ∂2

∂y2

)
and N = −U

∂

∂x
− V

∂

∂y

(2)

where •n referred to as the timestep.
Both the vorticity and the streamfunction are discretized with a spectral collocation method, using

Chebyshev polynomials in the normal direction and finite differences of the second order in the streamwise
direction. The main difficulty in the numerical simulation of an incompressible flow in the vorticity–stream-
function formulation is associated with the wall boundary condition of the vorticity. This major challenge can
be overcome by using an influence matrix method. Similar approach was used by Daube [14] in a vorticity–
velocity formulation. This technique allows us to verify exactly the Neumann boundary condition associated
with the streamfunction. A review of such a method is detailed in Peyret [24].

The semi-implicit systems defined by (2) and the Poisson equation for � are solved with a direct solver
based on a Thomas algorithm.

2.3 The flat plate boundary layer flows at Re = 200

In order to study the influence of the adverse pressure gradient in the transient regime, a Blasius boundary
layer, a decelerated and a separated flow are computed. The base flows are referenced hereafter as BF1, BF2
and BF3. The Reynolds number denoted by Re, based on the displacement thickness at x = 0 and the max-
imum free stream velocity Ue, is fixed at 200, which is below the critical Reynolds number for convective
instabilities. The dimensions of the computational domain are Lx = 550 and L y = 25. A grid (1000 × 100)
allows to obtain a well converged base flow. Furthermore, this grid is regular in the streamwise direction and
clustered near the wall in the normal direction where a classical transformation for such a Gauss–Lobatto grid
is used. BF1, BF2, and BF3 are depicted in Fig. 3. A specific suction profile is applied for BF2 and BF3. It
is important to note that the decelerated zone is strongly dependent on the upper limit as well as the suction
profile. The purpose of this article is to analyze the accuracy of R.O.M based on global modes, the base flow
is used only to illustrate our discussion.

In the following sections, the base flow is characterized by •. Finally, a buffer zone is added in all direct
numerical simulations.
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Fig. 3 Base flows properties

3 Optimal perturbation: theoretical and numerical tools

3.1 Generalities

The present analysis explains the transient behavior of a small perturbation superimposed on a non-parallel
system whose base flow varies strongly in the streamwise direction. A point referenced by (x, y) in D is noted
by (x) below. The equations governing the perturbations are defined by inserting development (3) into the
Navier–Stokes equations and keeping the lowest order in ε:

Q (x, t) = Q (x)+ εq (x, t) with ε � 1 (3)

where Qt = (U, P) is the instantaneous flow, Q
t = (

U, P
)

the base flow, and qt = (u, p) the perturbation.
The space–time dynamics of q at the first order in ε can thus be described by the following initial value
problem:

⎧⎪⎨
⎪⎩

B
∂q
∂t

= Aq,

q (x, t = t0) = q0

(4)

where q0 = t (u0, p0) is the perturbation value at time t0. The evolution operator A and the linear operator B
are defined by

A =

⎛
⎜⎜⎜⎝

D − C − ∂U/∂x −∂U/∂y −∂/∂x

−∂V /∂x D − C − ∂V /∂y −∂/∂y

∂/∂x ∂/∂y 0

⎞
⎟⎟⎟⎠, B =

⎛
⎝ 1 0 0

0 1 0
0 0 0

⎞
⎠ (5)

where D = Re−1
(
∂2/∂x2 + ∂2/∂y2

)
accounts for the viscous diffusion and C = U∂/∂x + V ∂/∂y for its

advection by the base flow. The boundary conditions used to close Eq. 4 depend upon the configuration con-
sidered. In particular, we are interested in the worst case scenario leading to a maximum energy growth during
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the transient. We define thus the linear evolution operator whose action is dedicated to evolve the perturbation
forward in time as follows:

u
(
t f

) = A
(
t f

)
u0 (6)

where u
(
t f

)
represents the velocity perturbation at time t = t f . In order to quantify the energy of the pertur-

bation, we introduce a first scalar product:

(
u, u+) =

∫
D

ut u+dD (7)

The maximum energy growth obtainable at the time t f over all possible initial conditions, referenced as u0,
may be measured by the introduction of:

G
(
t f

) = max
u0

(
A

(
t f

)
u0,A

(
t f

)
u0

)
(u0,u0)

(8)

Therefore, it is possible to evaluate numerically the quantity (8) by two different methods. Both are charac-
terized by the approximation of the operator A. The first employs a “timestepper’s approach”, termed as a
“Direct optimal growth analysis” [8]. In this method, the integration in time of a linearized version of the
Navier–Stokes code for t = t f provides an approximation of A

(
t f

)
. Another possibility uses an expansion of

the perturbation into several global modes. An exponential solution of (4) thus provides an approximation of
A

(
t f

)
. The next sections illustrate the theoretical and numerical tools used for these different analyses.

3.2 Direct optimal growth analysis: theoretical aspects and formulation with respect
to the numerical method

The numerical code using (�,W) variables, the quantity (8) is rewritten in a vorticity stream-function for-

mulation. We introduce the perturbation vector g =t (ψ,	) with u = ∂ψ

∂y
, v = −∂ψ

∂x
, and 	 = ∂u

∂y
− ∂v

∂x
.

Thus, the transient growth at time t f is determined through:

G
(
t f

) = max
g0

(
A

(
t f

)
Lg0,A

(
t f

)
Lg0

)
(Lg0,Lg0)

(9)

with L = M−1N and Lg0 = u0

M

⎛
⎝ u

v

⎞
⎠ = N

⎛
⎝ ψ

	

⎞
⎠ (10)

where

M =
⎛
⎝ 1 0
∂

∂y
− ∂

∂x

⎞
⎠ and N =

⎛
⎝ ∂

∂y
0

0 1

⎞
⎠ (11)

The maximum temporal transient growth is:

G
(
t f

) = max
g0

(
L+A+ (

t f
)
A

(
t f

)
Lg0, g0

)
(Lg0,Lg0)

(12)

The operators A+ (
t f

)
and L+ in Eq. 12 denote the adjoint operators to A

(
t f

)
and L, respectively, with respect

to the chosen scalar product (7). L+ may be rewritten as L+ = N+ (
M+)−1. Taking the scalar product (7),

we derive an expression for N+, M+:

M+ =
⎛
⎜⎝ 1 − ∂

∂y

0
∂

∂x

⎞
⎟⎠ and N+ =

⎛
⎝− ∂

∂y
0

0 1

⎞
⎠ (13)
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Following the development of Barkley et al. [8], we can associate the action of the operator A (t) to the temporal
integration of the linearized Navier–Stokes equations (4).

The action of the operator A
(
t f

)+ can be evaluated by introducing a second scalar product:

〈
q,q+〉 =

t f∫
t0

∫
D

qt Bq+dDdτ (14)

The adjoint system of (4) according to (14) is thus written as follows:⎧⎪⎪⎨
⎪⎪⎩

B
∂q+

∂t
= A+q+

q+ (
x, t = t f

) = q+
t f

(15)

with

A+ =

⎛
⎜⎜⎜⎝

D + C − ∂U/∂x −∂V /∂x −∂/∂x

−∂U/∂y D + C − ∂V /∂y −∂/∂y

∂/∂x ∂/∂y 0

⎞
⎟⎟⎟⎠, (16)

where the required homogeneous boundary conditions and relationship between initial data for direct and
adjoint systems:

⎧⎨
⎩

u = u+ = v = v+ = 0 in δD

and
[(

u,u+)]t f

t0
= 0 in D

(17)

The solution to the adjoint system (15) leads to a similar evolution operator as the one regarding the direct
system referenced as:

u+ (x, t0) = A+ (
t f

)
u+ (

x, t f
)

(18)

A+ (
t f

)
is the adjoint of A

(
t f

)
under the inner product (7), since:

(
A

(
t f

)
u (t0) ,u+ (

t f
)) = (

u
(
t f

)
,u+ (

t f
)) = (

u (t0) ,u+ (t0)
) =

(
u (t0) ,A

(
t f

)+ u+ (
t f

))
(19)

Thus, an expression for (8) may be expressed in a vorticity–streamfunction formulation by taking the largest
eigenvalue of the generalized eigenproblem:

L+A+ (
t f

)
A

(
t f

)
Lg0 = λL+Lg0 (20)

The optimal perturbation uopt which maximizes G
(
t f

)
is thus given by the corresponding eigenvector Lg0.

An efficient way to compute uopt is to use a power iterations algorithm:

Lgn+1 = ρnL
(
L+L

)−1 L+A+ (
t f

)
A

(
t f

)
Lgn (21)

where ρn is an arbitrary scaling parameter. Finally, to compute the optimal growth we must act with the oper-
ator L

(
L+L

)−1 L+A+ (
t f

)
A

(
t f

)
L. This is accomplished by fixing a relationship between the forward and

direct solution. As detailed in [8], we impose the initial condition for the adjoint problem equal to the solution
underlying the forward problem at time t f .

Thereby, we derived an expression in vorticity–streamfunction formulation of the computation of the opti-
mal disturbances. We are then able to compute the quantity (8) by using a linearized version of the DNS code
described above. In practice, the optimal perturbation is computed by performing numerical time marching of
the direct and adjoint system in vorticity–streamfunction formulation. In all numerical experiments reported
in this manuscript, the power iterations converged quickly (less than 10 iterations).
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3.3 Global modes expansion analysis

3.3.1 Theoretical aspects

A solution of (4) may be decomposed into a basis formed by global modes:

q (x, t) =
∞∑

k=1

Kk (t) q̂k (x) with Kk (t) = K̃ke−ik t (22)

with q̂k (x) e−ik t the global modes. The complex circular frequency k drives the temporal evolution of the
mode k. In addition, when �(k) is negative the global mode is damped in time otherwise the global mode
is amplified. The spatial structure of each global mode is deduced from q̂k (x). These latters are computed by
inserting (22) into (4) which leads to the generalized eigenvalue problem:

Aq̂ = −iBq̂ (23)

Introducing a third scalar product as:

[̂
q1, q̂2

] =
∫

D
q̂

t
1Bq̂2dD (24)

where • is the complex conjugate.
The quantity (8) is written as:

G
(
t f

) = max
q0

E(q(t f ))

E(q0)
(25)

with

E(q) = 1

2

[̂
q, q̂

]
(26)

It is thus more convenient to compute (25) with the Euclidean norm:

G
(
t f

) = ∥∥Fexp
(
t f D

)
F−1

∥∥2
2 (27)

where F represents the Cholesky decomposition of the inner product matrix of components
[
q̂ j , q̂i

]
and D,

the diagonal matrix of eigenvalues defined by Dk,l = −iδk,lk .1 As a consequence, the computation of the
maximum singular value of

∥∥Fexp
(
t f D

)
F−1

∥∥
2 for each time t = t f allows to determine G (t) [26].

Since the global modes basis is non-orthogonal, the biorthogonality condition may be used to determine
the components of the initial condition of the perturbation into this global modes expansion by:

K̃k = 〈〈q̂+
k ,q0〉〉/〈〈q̂+

k , q̂k〉〉 (28)

with 〈〈, 〉〉 a standard Hermitian scalar product.

3.3.2 Numerical method

The poor convergence of the spectrum requires a highly accurate numerical scheme in the two spatial direc-
tions [20]. Hence, the problem (23) is discretized with a Chebyshev/Chebyshev collocation spectral method.
A spectral interpolation routine allows a transfer of the base flow from the DNS mesh to the stability mesh.
Dirichlet conditions at the lower and upper boundaries and a specific Neumann condition based on a Gaster’s
transformation both at the outflow and at the inflow [1,4,15] are employed to close the system (23). More
details on the inflow condition is presented in Appendix A.2 Finally, a shift and invert Arnoldi algorithm from
the ARPACK library provides the most important part of the spectrum [18].

1 δk,l is the Kroenecker symbol.
2 The treatment of the pressure spurious modes is illustrated in [4,24] and [25].
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4 Direct optimal growth analysis

As the different base flows studied in this manuscript are convectively unstable, they act as noise amplifiers.
As a consequence, the global response of the flow is determined by the initial condition. Nevertheless, one
may distinguish between two categories. The first category is characterized by the fact that the global optimal
growth is governed by the box size. It is typically the case of slowly spatially evolving flow in the streamwise
direction, as in the flat plate Blasius boundary layer [1,4]. The second category is distinguished by the fact that
the maximum value of the global optimal growth is box-independent. It is typically the case when the transient
growth is governed by a convective mechanism with respect to a localized spatial inhomogeneity. For example,
the maximum growth underlying a flat plate separated flow is mainly determined by the convective mechanism
associated with the spatially localized bubble. Let us now illustrate these two categories through our base flows.
Two domain lengths are considered, referenced as L1 = 450 and L2 = 525. Figure 4 illustrates the maximum
gain given by the optimal energy growth analysis based on the direct/adjoint approach with respect to BF1,
BF2, and BF3 for L1 and L2.

Figure 4 shows the different energy curves associated with BF1, BF2, and BF3. On one hand, the effect
of truncating the domain size is significant for BF1. On the other hand, the results associated with BF2 and
BF3 are insensitive to this parameter. In particular, the maximum gain in energy as well as the corresponding
time are unaffected. We now focus on the perturbation fields associated with optimal growth. The initial con-
dition leading to a maximum gain in energy Gmax = maxt G (t) as well as its time evolution are studied. The
corresponding energy curves of this type of perturbation, defined by E (t) /E (t0), are shown in the Fig. 4.

The above discussions are highlighted through the streamwise velocity components snapshots, depicted
in Fig. 5. The energy gain underlying BF1 appears to be characterized by a pure Orr-mechanism [16,21]. As
observed previously by Åkervik et al. [1], the optimal initial condition is always located far downstream.

Concerning the decelerated flow BF2, the localized spatial inhomogeneity induced by the adverse pressure
gradient associates the maximum gain in energy with the decelerated zone. Therefore, the optimal growth of
the underlying convective mechanism is driven by the decelerated area leading to this phenomenon unaffected
with the box size. The noise amplifier dynamics, characterized by the propagation of the wave packet along
the decelerated area, are globally measured by computing the leading eigenvalue of A+ (t)A (t).

The optimal initial condition regarding BF3 exhibits similar global characteristics. As pointed out recently
by Blackburn et al. [10] and Marquet et al. [19], the noise amplifier dynamics associated with the bubble is
globally determined by direct optimal growth methodology. Furthermore, the recirculation plays a signifi-
cant role in gaining maximal energy gain. This latter reaches a value E (t) /E (0) ∝ 105 in comparison with
E (t) /E (0) ∝ 102 for the previous case.

As a consequence, it is physically relevant to evaluate the efficiency of the R.O.M for capturing the full
convective phenomenon which is globally independent upon computational box. The worst case will be inves-
tigated in the following section: the flat plate separated flow.

5 R.O.M with global modes

The full state-system given by (4) is projected onto the subspace spanned by the least stable global modes.
The disturbance is now approximated by:

⎧⎪⎨
⎪⎩

q (x, t) ∼
N∑

k=1

Kk (t) q̂k (x) and q0 ∼
N∑

k=1

Kk (t) q̂k

with Kk (t) = K̃ke−ik t

(29)

where N is truncation order. In the following, the vector K = (K1, K2, . . . , KN ) will be used.

5.1 Description of global modes

The transient behavior may be highlighted by the non-orthogonality of the different eigenmodes which inter-
fere with each other [26]. Therefore, this basis is appropriate to describe a transient growth phenomenon.
These interferences could involve several eigenmodes and particularly in the short time regime where strongly
temporally damped modes could be relevant in the space and time dynamics. Indeed, this interference reduces
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Fig. 4 Energy curves derived from the time-stepping analysis

in time as some global modes will decay faster than others. As we are interested in the worst initial condition
and a comparison with a Direct/adjoint strategy, a large spectrum is required. A fine grid (250 × 55) with a
box size of Lx = 525, L y = 25 and a Krylov subspace of dimension N = 2000 are now chosen. More infor-
mation on the box size is presented in the next section. The previous discretization leads to a large converged
spectrum, depicted in Fig. 6. One observes that all the modes are damped temporally which is in agreement
with the fact that no global unsteadiness occurs in the DNS. There are several kinds of global modes referenced
as KH, Orr, and C modes in Fig. 6 which are discussed hereafter.
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Fig. 5 Snapshots of the streamwise velocity component regarding optimal growth with respect to BF1, BF2 and BF3. The
different times used are characterized by • in Fig. 4 . The dividing streamline concerning BF3 is depicted in white
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Fig. 6 Spectrum underlying BF3

The least damped modes denoted by KH in Fig. 6 are similar to classical convective waves observed in local
analysis. This family of convective modes highlights a classical Tollmien–Schlichting and a Kelvin–Helmholtz
nature along the shear layer (Fig. 7a).

The second category, referenced as Orr modes by Åkervik et al. [1], are characterized by a spatial dis-
tribution inclined in the shear direction (Fig. 7b). Finally, a wide range of largely damped global modes are
classified into C modes. These are similar to continuous branch encountered in local analyses, where a part of
the energy is here located for high values of y (Fig. 7c). Under the locally parallel assumption, the distribution
of these branches in the plane (r , i ) verifies the following relationship (see Grosch and Salwen [17])

(n)r = 2πnUe

Lx
, n ∈ Z

� (30)

with Ue the far-field velocity and Lx , the length in the streamwise direction [4].
As illustrated in a recent note by Tumin [30], the difficulty arising from approximating the continuous

spectrum within the “box approximation” is still a delicate task. This issue could lead to possible limitation
of the global modes analysis. Nevertheless, in our numerical experiments the upper limit proved to be high
enough to not affect the direct optimal growth results. Therefore, it seems reasonable to consider the same
box approximation in the global modes analysis. As a consequence, the discretized eigenmodes matrix are
composed only of a set of discrete modes.

Therefore, these different waves can be interpreted physically by considering each of them as component of
the wave packet of the perturbation fields. This last point will be well illustrated in the next section. This kind of
global modes differs from a resonator dynamic, as observed in a separated flow subjected to 3D perturbations
(see for instance [9,29] or [19]).
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(c)

(b)

(a)

Fig. 7 Real part of the streamwise velocity component of modes referenced as M1, M2, and M3 in Fig. 6
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Fig. 8 Optimal transient energy growth derived from the R.O.M based on global modes. The subspace is taken as N = 1720

5.2 Transient growth based on global modes

From the above discussion, the maximum energy growth G (t) could be taken as a global value associated
with the separated zone, independent of the computational box. As observed by Alizard et al. [3], even if
the spectrum is changing with the computational box, the global value versus the maximum transient energy
growth should be not dependent on the box size. In order to further illustrate this behavior, two computational
domains Lx = L1 = 525 and Lx = L2 = 500 are considered. The subspace dimension is fixed to 1720. The
results of G (t) are shown in Fig. 8 which illustrate that the gain is not affected by the domain size. Furthermore,
the corresponding spatial structure with respect to L1 and L2 are depicted in Fig. 9. Once again, a perfect
superposition is obtained. However, it is difficult to reach the same level of optimal energy growth even by
considering a large number of modes.
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(b)

(a)

Fig. 9 Optimal perturbation with respect to energy curves depicted in Fig. 8. The streamwise velocity component is represented.
Two computational domains are considered L1 and L2, represented in dashed lines and flood respectively

INPUTS OUTPUTSSTATE

Fig. 10 Diagram used to examine the system input–output behavior. The controllability operator Lc relates past inputs to the
present state, while the observability mapping Lo relates the present state to the future outputs. Their combined action is expressed
by the Hankel operator H = LoLc. Diagram inspired by [5]

5.3 Performance of the R.O.M: input/output framework

5.3.1 Description of the system

In this section, we propose to use of a large subspace dimension in order to capture the full dynamics of
the convective phenomenon associated with the separated flow. Hence, the problem is reformulated into an
input–output framework. The input is defined as an initial perturbation field and the output is determined as
a measure of the response of the system at time T , when the wave-packet reaches a maximum energy gain.
The ability of the R.O.M based on global modes to accurately simulate the noise amplifier dynamics of such
a flow is associated with its mapping between input signals and the state vector and between the state vector
and the output signals (Fig. 10).

Inspired by the study of Bagheri et al. [5], the state-space is simplified by defining a projection which
projects the linearized Navier–Stokes equations into X , a divergence free space where the disturbance field
u (x) satisfies the boundary condition defined earlier.

X = {u (x) ∈ D2|∇.u (x) = 0, u = uδD ,with u ∈ δD} (31)

The linearized Navier–Stokes equations may be thus expressed as an initial value problem:

⎧⎪⎨
⎪⎩
∂u
∂t

= Au

u = u0 at t = 0
{u,u0} ∈ X 2

(32)
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In an input–output framework, the full system underlying the optimal growth can be rewritten as⎧⎪⎪⎪⎨
⎪⎪⎪⎩

∂u
∂t

= Au + C f

y(t) = Bu(t)
u = u0 at t = 0
{u,u0} ∈ X 2

(33)

where f (t) is an impulse at time t = t0, C the spatial distribution of the optimal initial wave-packet given
by the full system from the time-stepping method and y(t) a measure at time topt i.e, when the wave-packet
reaches a maximum energy growth. In order to obtain a generic model, a biorthogonal projection onto the
global modes basis of the system (33) is theoretically investigated. For that purpose, we consider an Hermitian
scalar product 〈〈, 〉〉. The perturbation field is expressed as: u (x, t) = ∑N

k=1 Kk (t) ûk . The adjoint modes with
respect to 〈〈, 〉〉 are expressed as û+

k . The system (33) may be rewritten as:

R.O.M:

⎧⎪⎨
⎪⎩
∂K
∂t

= ÃK + C̃ f

y(t) = B̃K(t)
K = K (0) at t = 0

(34)

with

Ãi j = 〈〈û+
i ,Aû j 〉〉, C̃i = 〈〈û+

i , C〉〉, B̃i = 〈〈û+
i ,B〉〉 (35)

where the vectors are normalized by 〈〈û+
i , ûi 〉〉

From the linear system theory, the properties of the input–output system can be described by the controlla-
bility, Lc, and the observability, Lo, operators (Fig. 10). The controllability of a system requires investigation
of the flow states which are most easily influenced by a given input. On the other hand, the observability
requires identification of the flow structures which are the most easily detected. It is well known that both the
controllability and observability are necessary in order to build an effective reduced-order model. However, it
is not necessary for the R.O.M to capture the entire dynamics described by the general state-space formulation.
Instead accurately capturing the input–output behavior described by the transfer function is sufficient. In order
to evaluate the effectiveness of a model, it is necessary to estimate the error between the transfer function of
the full system and the R.O.M. Bagheri et al. [6] estimated the upper bound of this error:

‖T − T̃ ‖∞ =
n∑

k=N+1

Ek with Ek = | B̃k C̃k |
| Im (k) | (36)

where N is the truncation order of the model. A detailed review is found in [6]. In the following, we rein-
terpret the theoretical framework in order to quantify the ability of the R.O.M based on the global modes
expansion to well simulate the convective mechanism of our generic flat plate separated flow. For that purpose,
we will consider the worst case scenario, i.e the one which concerns the optimal perturbation. The values of
the controllability of each modes denoted by C̃i are given by coefficients K̃i with respect to the projection of
the optimal initial perturbation into a global modes basis. On the other hand, the values of the observability
regarding each mode referenced as B̃i are given by coefficients K̃i with respect to the projection of the optimal
final perturbation into a same R.O.M. Let us now compute the observability and controllability of each mode
as well as the truncation error.

5.3.2 Projection into a global modes basis: biorthogonality/orthogonalization

A difficulty arises in the biorthogonality projection due to the strong non-normality of the time evolution oper-
ator. It appears that the resulting strong separation between direct and adjoint global modes leads to numerical
difficulties by performing a projection through a Hermitian scalar product by using adjoint modes. Indeed,
the projection into a global modes basis is governed by the values of 〈〈u+

i ,ui 〉〉. The strong non-orthogonality
yields to widely separate the spatial support of ui and u+

i . In order to illustrate this, 〈〈, 〉〉 is considered as
a discrete Hermitian scalar product. The adjoint modes are thus determined through the eigenvalue prob-
lem underlying the transconjugate operator. The direct and adjoint mode regarding M1 are shown in Figs. 7
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and 11, respectively. We observe a strong separation between u1 and u+
1 . As a consequence, the product

〈〈u+
i ,ui 〉〉 decays gradually with the increasing of the non-orthogonality until to reach a value close to zero.

As a reference, we plot the values 〈〈u+
i ,ui 〉〉 for the separated flow in Fig. 12. This reaches a very small

value ≈ 10−10. Therefore, it appears almost impossible to numerically verify the biorthogonality condition.
In order to overcome this, an idea proposed by Passagia et al. [22,23] is to use an orthogonal projection.
Therefore, a modified Gram–Schmidt procedure is used to orthonormalize the global modes basis. Let us call
the orthogonal basis:(u⊥1,u⊥2, ..,u⊥N ) derived from the global modes expansion of dimension N through
the orthogonalization procedure. A perturbation fields u0 could thus be written as

u0 (x) ∼
N∑

k=1

�ku⊥k (x) (37)

Taking into account the orthogonality of the basis:

�p = (
u⊥ p,u0

)
(38)

with (, ) a Hermitian scalar product. Here, we consider an Energy scalar product:
(
u⊥ p,u⊥k

) =∫
D

u⊥ p
t u⊥kd = δk,p. Consequently, the coordinates into the global modes basis is recovered through a

matrix product:

K̃ = P−1� (39)

with K̃ =
(

K̃1, K̃2, . . . .., K̃N

)t
, � = (�1,�2, . . . .., �N )

t , and P whose coefficients are defined by Pi, j =(
u⊥ j,ui

)
. This procedure appears numerically efficient to perform an accurate projection onto a global modes

basis. Then, we perform a projection onto a global modes basis by using the biorthogonality condition and
an orthogonalization procedure. The divergence free perturbation field u is modeled with a Gaussian function
defined as: ⎧⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

u (x) = σxγyexp
(
−γ 2

x − γ 2
y

)
v (x) = −σyγx exp

(
−γ 2

x − γ 2
y

)

with γx = x − x0

σx
and γy = y − y0

σy

(40)

Fig. 11 Real part of the adjoint modes referenced as M1 in Fig. 6. The streamwise velocity component is considered
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Fig. 12 Spectrum with respect to BF3 colored by 〈〈u+
i , ui 〉〉 for each global modes. The values are depicted in a logarithmic

scale
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(c)

(b)

(a)

Fig. 13 Streamwise component of the perturbation defined by (40)

x0 and y0 determine the peak of the perturbation, whereas σx and σy determine its size. We fix x0 = 200,
y0 = 3, σx = 15 and σy = 1 (Fig. 13a). Let us now consider a global modes subspace of dimension N = 1200.
A projection of the perturbation described above is performed by using the biorthogonality and an orthogonal
scalar product. The results are depicted in Fig. 13b, c, respectively. A strong separation between direct and
global modes leads to a poor definition of the perturbation field. On the other hand, an orthogonal projection
leads to a quite accurate definition of the perturbation. Similar behavior is observed by Passagia et al. [22,23].

In the next section, the controllability, the observability as well as the truncation error referenced as Bk Ck ,
Ek , respectively, are numerically investigated through an orthogonal projection.

5.3.3 Efficiency of the R.O.M based on global modes

We perform a projection of the optimal initial and final perturbation derived from the direct-adjoint strategy
into a global modes expansion of dimension N = 100, N = 500, N = 1000, and N = 1720. Figures 14 and 15

(a) (b)

(c) (d)

Fig. 14 Projection of the optimal perturbation at t = 0 derived from the time-stepping method onto a R.O.M based on global
modes. The streamwise velocity component is depicted. The subspace dimension is increased from N = 100 to N = 1720
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show the perturbation fields associated with the optimal initial and final wave packet projected into a global
modes components for several subspace dimension. One may observe that the optimal final wave packet is well
represented with a moderate number of global modes (N ≈ 500). In contrast, it seems that the initial optimal
wave packet requires a large number of modes. In particular, a subspace of dimension N = 1720 describes
quite approximately the initial condition leading to a maximum gain in energy derived from the time-stepping
analysis. We now examine the role of each global mode component.

For that purpose, we plot the observability, controllability, as well as the truncation error of the system
defined previously in Figs. 16, 17, and 18, respectively. One common feature of each spectrum is that all global
modes have a significant value. Several efforts have been undertaken recently in order to propose a criterion
to select stable global modes. Åkervik et al. [2] proposed a criterion based only on the damping temporal
amplification rate, whereas Barbagello et al. [7] built a criterion based on their contribution to an input–output
relation. Barbagello et al. [7] observed that widely damped global modes appeared to play a crucial role in
the input–output behavior of the R.O.M. In our configuration, it appears that we obtain the opposite result.
Indeed, even if widely damped global modes have an important Ek value, this decreases with the temporal
amplification rate. As a consequence, it should validate in some sense the choice realized by Åkervik et al.
[2]. Given these results, we come to the conclusion that if more damped global modes are taken into account
in our expansion, the R.O.M would be more accurate.

(a) (b)

(c) (d)

Fig. 15 Projection of the optimal perturbation at t = 360 derived from the time-stepping method onto a R.O.M based on global
modes. The streamwise velocity component is depicted. The subspace dimension is increased from N = 100 to N = 1720
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Fig. 16 Evaluation of observability properties of the R.O.M. The global modes are colored with C̃k which is depicted in a
logarithmic scale
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Fig. 17 Evaluation of controllability properties of the R.O.M. The global modes are colored with B̃k which is depicted in a
logarithmic scale
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Fig. 18 Evaluation of truncation error of the R.O.M. The global modes are colored with Ek which is depicted in a logarithmic
scale

6 Conclusion and discussion

The accuracy of the stable subspace regarding global modes in a flat plate separated flow is revisited within an
input–output framework. This subspace is correlated to the noise amplifier dynamics of open flows. In order
to evaluate the efficiency of the R.O.M based on global modes, the worst case scenario has been investigated.
Thus, an input–output system has been built; the input is characterized by the initial optimal perturbation,
whereas the output is defined as the perturbation with the maximum gain in energy. By means of a time-
stepping analysis, the computation of the optimal growth and its corresponding perturbation fields has been
performed to define our actuator and sensor. Therefore, through an orthogonal projection, the observability,
controllability, and truncation error have been computed for each global mode. It appears that a large number
of global modes has a significant impact on the truncation error. Nevertheless, the result shows that widely
damped global modes are less significant in the noise amplifier dynamics. Consequently, the possibility of
using the R.O.M based on global modes to capture the stable subspace is suggested by considering several
modes in the expansion.
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Appendix: Inflow boundary condition

In this appendix, further details concerning the inflow boundary condition are presented, while considering
the separated flow. The Dirichlet boundary condition and the Neumann boundary condition with respect to a
Gaster relation are denoted by BC1 and BC2, respectively. The spectrum for Lx = 525 is depicted in Fig. 19.
One may observe that frequencies are not affected by the kind of inflow boundary condition. However, we
observe a shift in the temporal growth rate values regarding global modes. The underlying real part of the
streamwise component of the mode encircled in Fig. 19 is shown in Fig. 20. Therefore, one may observe
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Fig. 19 Comparison of the spectrum with respect to inflow boundary conditions. The � are associated with BC1 and the • are
associated with BC2

Fig. 20 The real part of the streamwise component of the encircled mode of Fig. 19 is shown

that the upstream definition of the convective wave with respect to M1 is more accurate with BC2 than BC1.
Therefore, the choice of BC2 is more appropriate in this configuration.
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