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The stability of the flow formed by the intersection of two perpendicular flat plates is revisited
through a study of the sensitivity to base-flow variations. After a brief presentation of the asymptotic
regime, sensitivity functions underlying corner mode �concentrated close to the intersection� and
Tollmien–Schlichting modes, with different obliqueness angles, are computed. Taking this into
consideration, associated mechanisms as well as active regions are identified, which further confirm
the sensitivity area of the corner mode along the intersection of two flat plates. Furthermore, the
concept of �U-pseudospectra indicates that under a small base-flow modification, a certain range of
frequencies underlying the corner mode could become unstable. Then, an optimization technique
tracking the worst-case scenario, i.e., the deviation leading to a maximum temporal amplification
rate, shows that a small variation in the reference field in the area of uncertainty leads to a significant
decrease in the critical Reynolds number as observed in experiments. A hypothesis based on the
onset of an inflectional mechanism is thus proposed to explain the experimental results.
© 2010 American Institute of Physics. �doi:10.1063/1.3292009�

I. INTRODUCTION

The streamwise flow along a corner formed by the inter-
section of two semi-infinite plates belongs to some of the
most common flows arising in aerodynamic. The prominence
of this type of flow configuration as well as its important role
in many applications as wing body junctions, fin assemblies,
the roots and tips of blades in turbomachinery, or air breath-
ing engine inlets has prompted considerable interest in the
streamwise corner flow over the past 50 years. Although
many of these applications involve complicated shapes and
high speed flow, the laminar base flow for a 90° right-angled
corner is considered in most experimental and numerical
studies �see Fig. 1�.

In particular, most theoretical works dealing with the
corner problem have been dedicated to focus on a mean-flow
numerical solution. The strong three-dimensionality close to
the corner arising from the interaction between the boundary
layers on the two perpendicular walls made the formulation
of this problem a delicate task. Although some attempts had
been made earlier to analyze the specific features of such a
flow, e.g., Rubin1 formulated the problem through the devel-
opment of self-similar equations referenced as the corner
layer. Furthermore, specific attention was paid by the same
team to provide accurate matching far-field boundary
conditions.2 A unique asymptotic series that satisfies the cor-
ner layer was thus detailed by previous authors.1,2 Taking
proper account of these asymptotic formulations led to a first
accurate numerical solution of the corner flow problem by
Rubin and Grossman in 1971.3 In the latter, the solution
shows a swirling flow in the corner, highlighting the strong
three dimensionality due to the intersection. Improved

solutions of the corner layer were obtained in Refs. 4 and 5
and more recently in Refs. 6–11 where the influence of a
streamwise pressure gradient, a change in the angle, or the
effect of compressibility was considered. Nevertheless, a
unique solution of such problems is still not completely
clear. In particular, recently Rhida12 suggested constructing a
self-similar solution via a different formalism as Rubin,1 re-
vealing some differences of the corner-layer motion. Finally,
Duck et al. in 1999 �Ref. 13� studied nonsimilarity solutions
to the corner layer equations through a parabolic formulation
of the equations and a marching procedure. They reported a
number of numerical solutions for the entire corner flow re-
gion, which differ from the self-similar solutions.

On the other hand, several experimental measurements
of the boundary layer inside the corner region have been
reported �see, for instance, Refs. 14 and 15�. A summary of a
series of experiments was provided by Zamir in 1981.14 In
particular, as pointed out by this author, the experiments
failed to yield a unified picture of the general features asso-
ciated with the corner problem even in the simple case by
considering a right angle and without streamwise pressure
gradient. These differences suggest an extreme sensitivity of
the laminar flow in the corner region. In addition, experimen-
tal studies emphasized that the corner layer has a tendency to
instability, followed by transition to a turbulent flow. In this
context, Zamir14 predicted that the corner boundary layer
with zero streamwise pressure gradient is unstable at
Reynolds numbers based on the distance from the leading
edge, �104. This last one appears to be much lower than the
classical critical Reynolds number regarding Tollmien–
Schlichting �TS� waves of a Blasius boundary layer. Such
observations led to a number of theoretical investigations
aiming to answer fundamental question: does the influence
of the corner increase the growth rate of a TS mode, or is
there another mode arising from an instability mechanism
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associated only with the corner, which is at the origin of the
onset of the instability observed in experiments?

For that purpose, Lakin and Hussaini in 1983 �Ref. 16�
examined the linear stability of the corner boundary layer
problem by means of an analysis of the critical layer. Nev-
ertheless, this attempt was restricted to a study of the profile
inside the region involving the secondary flow called the
“blending region.” A similar analysis, under the quasiparallel
assumption, was performed by Dhanak and Duck in 1996.8

Furthermore, this latter analysis was extended by the intro-
duction of the effect of a free-stream pressure gradient. How-
ever the theory developed by previous authors failed to de-
scribe the premature transition observed in experiments. A
common aspect of these theories discussed above is that
these analyses did not take into account the strong three-
dimensionality of the flow related to the interaction between
the two boundary layers. For further progress, it was neces-
sary to develop a theory that retains the dependence of the
corner boundary layer along the two wall-normal directions.
Nevertheless, due to the complex nature of the mean-flow,
which is inhomogeneous along two spatial directions, a com-
plete stability analysis of the corner layer posed for several
years computational challenges. Balachandar and Malik6 in
1995 were the first to develop a two-dimensional local sta-
bility theory by considering the directions Y and Z in the
cross section plane as eigendirections. To simplify the com-
putation, the authors restricted their attention to an inviscid
analysis through an extended Rayleigh equation. In particu-
lar, they revealed an unstable inviscid mode related to the
corner, which is strongly concentrated close to the intersec-
tion. It was thus suggested that this “corner mode” was an
adequate candidate to describe the dominant instability
mechanism leading to the premature transition. Parker and
Balachandar10 extended this analysis in 1999 by taking into
account the effect of viscosity. The full spectrum of the com-
plete corner problem was thus detailed for the first time.
Unfortunately, although the presence of a corner mode was
confirmed, its corresponding growth rate was observed to be
temporally stable for a wide range of Reynolds numbers
above 105. Last but not least, spatial linear analyses includ-
ing nonparallel effect through parabolized stability equations
were performed in 2005 by Galionis and Hall17 and by
Alizard et al.18 in 2009. Nevertheless, the weak nonparallel

correction led to the same conclusions as those of Parker and
Balachandar.10 From the latter, the theory failed to fill the
obvious gap in predicting the experimental observations.

Otherwise, previous theoretical investigations have a
clear limitation. As observed by Zamir,14 there is not a uni-
fied picture about the theoretical and experimental velocity
profile close to the corner as well as a clear transitional
Reynolds number observed in experiments. Furthermore,
even the self-similar assumption in the theory leading to the
numerical solution of the mean flow may be discussed.13 A
comparison between the base flow predicted by the experi-
mentalists and the numerical solution from the corner layer
equations in Ref. 14 further highlighted some evidence that
there exists a small deviation between the theoretical base
flow and the real flow from the laboratory. An extreme sen-
sitivity in the corner in the absence of a streamwise pressure
gradient is thus experimentally established. The latter point
is also discussed in the conclusion of Parker and
Balachandar.10 An intriguing question about the influence of
a slow deviation of the theoretical base flow could thus be
raised. In particular, under the effect of a minimal mean-flow
deviation related to the corner layer equations, is it possible
to trigger an unstable mode even at a lower Reynolds num-
ber than the critical Reynolds number with respect to the
Blasius boundary layer? How are the TS modes and the cor-
ner mode affected by this slow deviation? It thus seems an
interesting path to include the effect of the sensitivity to a
base-flow modification in the linear stability analysis. For
that purpose, we may also refer to a recent study by Bottaro
et al.19 in 2003 where a certain degree of approximation of a
canonical Couette flow was considered in a stability analysis
through a constrained optimization procedure. For a given
mean-flow deviation, the authors highlighted a possible tran-
sition scenario involving the exponential growth of an invis-
cid mode in subcritical regime. A similar approach has been
extended in a spatial framework by Biau and Bottaro in 2004
�Ref. 20� for Poiseuille flow. These recent developments
clearly identified that considering an optimal base-flow de-
viation, i.e., the variation that leads to maximize the ampli-
fication rate, may yield a destabilizing effect on the eigen-
values in the subcritical regime. These observations may
represent a viable scenario in understanding of laminar-
turbulent transition.

More recently, the sensitivity to base-flow variations has
been reassessed by Chomaz21 in a global framework. The
author emphasized how the overlapping region between the
adjoint and the direct global mode would have a large impact
on the eigenvalues of the global spectrum. Giannetti and
Luchini22 extended this concept by identifying this region as
a “wave maker.” This idea highlighted new physical under-
standing between local absolute instability and global theory.
Further analysis involving similar sensitivity theory has been
undertaken by Marquet et al.23 in a passive control strategy.
The authors pointed out that a small deviation of the base
flow may be used in a control perspective by minimizing the
temporal amplification rate associated with the unstable glo-
bal mode. This idea was originally developed by Hill24 at the
beginning of the 1990s.

Being inspired by these recent developments, the present
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FIG. 1. Schematic of the streamwise corner. Y and Z denote the wall normal
directions, and X denotes the streamwise direction.
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linear stability analysis is devoted to study the influence of
an optimal deviation of the base flow derived from the corner
layer equations in the asymptotic regime. After a brief pre-
sentation of the base flow and corresponding stability
asymptotic results, we investigate the analytical expression
and the shape of the sensitivity functions associated with
temporal eigenmodes. Then, the contour levels of the
�U-pseudospectra highlight the predominance of the
sensitivity area of the corner mode compared to the TS
modes. Finally, we propose a possible transition scenario
triggered by an inviscid mechanism through an optimization
analysis.

II. BASE FLOW

A. Generalities and numerical method

The corner layer equations developed by Rubin and
Grossman3 under the assumption of a slow variation in the
flow in the streamwise direction are used to compute a nu-
merical solution for the incompressible corner flow along a
right-angled corner. In the present implementation no exter-
nal pressure gradient is considered. A self-similar solution is
assumed following the streamwise direction referenced as X.
We then introduce the nondimensional boundary layer coor-

dinates ��̃ , �̃� along the wall normal directions Y and Z given
by

�̃ = Y�Rex

2
� X

X��−1/2
and �̃ = Z�Rex

2
� X

X��−1/2
, �1�

where the Reynolds number is defined as Rex=U�X� /�. X� is
the dimensional distance from the leading edge, U� is the
free-stream velocity, and � is the kinematic viscosity. The
nondimensional velocity components and pressure are re-

lated to their dimensional values Ū , V̄ , W̄ and P̄ by

Ũ��̃, �̃� =
Ū

U��X�

X
�, Ṽ��̃, �̃� =

V̄

U�
�2Rex�X�

X
�−1/2

,

W̃��̃, �̃� =
W̄

U�
�2Rex�X�

X
�−1/2

, and �2�

P̃��̃, �̃� =
P̄

�U�22Rex�X�

X
� ,

with � being the density. By introducing the velocity poten-
tials defined as

� = �̃Ũ − Ṽ, � = �̃Ũ − W̃ �3�

and a modified vorticity,

� =
��

��
−

��

��
, �4�

the corner layer equations can be rewritten in an elliptic form
as four Poisson equations as follows:
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�Ũ
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� �̃
� − 2Ũ
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�Ũ
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with �2=�2 /��̃2+�2 /��̃2. These equations were derived for
the first time in Ref. 3.

A spectral collocation method based on Chebyshev poly-
nomials is used to discretize the equations. Using symmetry
with respect to the corner bisector allows to treat only half of
the domain with the following symmetry conditions:

Ũ��̃ , �̃�= Ũ��̃ , �̃�, Ṽ��̃ , �̃�=W̃��̃ , �̃�, and W̃��̃ ,��= Ṽ��̃ , �̃�.
The elliptic nature of the system �5� requires boundary con-
ditions for the different quantities on the four boundary lines.
An approximation of the far-field solution in inverse powers
of distance from the corner is used to match the solution at

�̃= �̃max and/or �̃= �̃max �see, for example, Refs. 1 and 8�. A
first order approximation leads to a quite accurate definition
of the velocity at the outflow. To close the system �5�, clas-
sical no-slip and no-penetration boundary conditions are im-
posed on the two walls.

Finally, a Newton method based on successive resolution
of linear systems using a GMRES algorithm is employed to
solve the boundary conditions as well as the large nonlinear
system �5�. The algorithm is based on the NITSOL library.25

The velocity profiles with Ny =100 and �̃=40 are depicted in
Fig. 2. In the end, a fine grid �100	100� with grid points

clustered at the wall and a value of �̃max= �̃max=40 allow to
obtain an accurate base flow. As depicted in Fig. 3 through
the bisector velocity profiles, the size of the box proved to be
large enough to minimize the effects of the computational
domain’s size on the base flow. The streamwise component
of the self-similar solution of the corner layer equations is
depicted in Fig. 4. In particular, it reveals a blending region
around the corner, which is created by the mutual interaction
of the two flat-plate boundary layers, leading to a strongly
three-dimensional flow.

Finally, despite minor differences, these results are in
good agreement with those provided by previous authors
�Refs. 3–6, 8, 10, and 17� For instance, Table I presents a

comparison of the maximum of Ṽ along the bisector. It is

referenced as Ṽmax hereafter. This specific value, as observed
by Ghia,4 is the most sensitive one regarding numerical pro-
cedures as well as boundary conditions. Furthermore, a value
taken along the bisector is a relevant parameter that reflects
the strong three-dimensionality of the flow. For these rea-

sons, Ṽmax is an ideal candidate to compare the present com-

014103-3 The onset of an inviscid mechanism Phys. Fluids 22, 014103 �2010�

Downloaded 16 Jan 2010 to 90.19.162.223. Redistribution subject to AIP license or copyright; see http://pof.aip.org/pof/copyright.jsp



putation with the previous work. From Table I, it shows that
the present approach provides a value close to the literature.
In particular, it reveals a good agreement between our base
flow and that in the recent work of Galionis and Hall,17

where a similar numerical method is used.
One may observe an interesting point with respect to the

influence of the corner on the base-flow profiles. The result-
ing streamwise velocity profile along the corner bisector is
inflectional �see Fig. 3�. This is a consequence of the strong
interaction of the boundary layers on the two perpendicular
walls. Therefore, it might be expected that the three-
dimensional boundary layer near the corner is susceptible to
develop an inviscid instability. In the next part, we will focus
on a two-dimensional temporal linear stability where it will
be retained the strong dependence of the corner boundary
layer on the two wall-normal directions.

III. TEMPORAL STABILITY ANALYSIS
AND ASYMPTOTIC RESULTS

The linear stability of the laminar corner flow is investi-
gated. A parallel-flow assumption for the base flow along the
streamwise direction is made, and a temporal framework is
considered. By following the analysis of Parker and
Balachandar,10 the coordinates are nondimensionalized with
�2X�Rex

−1/2. The new set of coordinates is thus defined by

x =
X − X�

�2X�
Rex

1/2, y =
Y

�2X�
Rex

1/2, and z =
Z

�2X�
Rex

1/2.

�6�

The velocity components are nondimensionalized by the
free-stream velocity U� as

FIG. 2. Velocity components for an outer boundary at �̃=40.

FIG. 3. �Color online� Velocity components along the corner bisector. L=Lx=Ly and N=Nx=Ny.
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U = Ũ� X

X��, V =
Ṽ

�2Rex

� X

X��−1/2
, and

�7�

W =
W̃

�2Rex

� X

X��−1/2
.

The disturbances qp= t�up ,vp ,wp , pp� are assumed of the fol-
lowing form:

qp = q̂�y,z�e�i�
x−�t��. �8�

The space and time behavior of a small perturbation is thus
governed by the operator L�� , q̂� ,U�=0, with L defined as
follows:

L	
− i�û + �û · ��U + �U · ��û + i
p̂ −

1
�2Rex

�2û

− i�v̂ + �û · ��V + �U · ��v̂ +
� p̂

�y
−

1
�2Rex

�2v̂

− i�ŵ + �û · ��W + �U · ��ŵ +
� p̂

�z
− 1/�2Rex�

2ŵ

� · u .ˆ

�
�9�

In a temporal framework, the wave number 
 is real and
fixed, and the mode is thus allowed to grow temporally with
a growth rate and a circular frequency equal to �i and �r,
respectively. The system �9� then reduces to a large general-
ized eigenvalue problem, which can be written as

�A − i�B�q̂ = 0, �10�

with i� as the eigenvalues and q̂ as the eigenfunctions.
The system �10� is discretized using a Chebyshev/

Chebyshev spectral collocation method in the z and y direc-
tions. Classical no-slip boundary conditions are imposed at
the walls, and Neumann conditions are imposed in the far
field for the velocity components. Using symmetry condi-
tions along the bisector allows us to reduce the problem by a
factor of two and consequently to decrease the storage re-

quirements. The use of symmetry conditions leads to two
possible solutions: even-symmetric and odd-symmetric
modes defined as follows:

even-symmetric� û�z,y� = û�y,z� , v̂�z,y� = ŵ�y,z�
ŵ�z,y� = v̂�y,z� , p̂�z,y� = p̂�y,z� ,

�
�11�

odd-symmetric� û�z,y� = − û�y,z� , v̂�z,y� = − ŵ�y,z�
ŵ�z,y� = − v̂�y,z� , p̂�z,y� = − p̂�y,z� .

�
�12�

In order to impose zero divergence at the boundaries, no
boundary conditions are imposed for the pressure, and the
corners are removed from the problem. Finally, an Arnoldi
algorithm, based on ARPACK,26 combined with a shift-invert
method is used to approximate the most relevant part of the
spectrum. The stopping criterion based on the residual norm
of the Ritz values is fixed to the precision machine.

In all the next sections, the highly resolved base flow
computed on a grid of 100	100 points is systematically
used and interpolated with spectral accuracy on the stability
grid by means of a spectral interpolation procedure. A spec-
tral grid �65	65� allows to obtain an accurate representation
of the most relevant part of the spectrum.

TABLE I. Maximum value reaches by Ṽ along the bisector.

Authors Ṽmax

Present study 2.43

Galionis and Halla 2.43

Parker and Balachandarb 2.2

Dhanak and Duckc 2.5

Ghiad 2.3

Rubin and Grossmane 2.57

aReference 17.
bReference 10.
cReference 8.

dReference 4.
eReference 3.

FIG. 4. �Color online� Numerical solution of the self-similar corner equa-
tions. The “uncertain area” indicates the region where a hypothetical labo-
ratory uncertainty might appear.
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FIG. 5. �Color online� Temporal spectrum for Rex=2.5	105 and 
=0.2.
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Typical eigenvalue spectra for Rex=2.5	105 and

=0.2 with and without symmetry conditions are compared
in Fig. 5. A branch of eigenvalues may be observed, which
can be attributed to TS modes with different transverse
wavelengths, i.e., different obliqueness angles with respect to
the free-stream flow. The most unstable one of these corre-
sponds to the classical �two-dimensional� TS-instability
mode of the flat-plate boundary layer corresponding to zero
transverse wave number. This mode exists in a symmetric as
well as an antisymmetric type. Aside of this branch, we get
an isolated mode whose eigenfunction is mainly concen-
trated near the corner line and rapidly decays along y and z.
This is the so-called corner mode. This last one was discov-
ered for the first time by Balachandar and Malik6 in the
inviscid limit and by Parker and Balachandar10 in viscous
framework. Furthermore, one may observe that the maxi-
mum rides around the inflection point of the base-flow ve-
locity profile in the corner bisector �compare Figs. 6�a� and
3�. Because of this, the mechanism with respect to this mode
is supposed to be related to an inviscid instability as sug-
gested by Balachandar and Malik.6

The most unstable TS-mode is compared with the clas-
sical TS mode of a Blasius boundary layer through a neutral
curve in the plane �Rex ,
� in Fig. 7. The influence of the
corner on this specific mode is weak and it is stabilizing
the flow. The critical Reynolds number based on the stream-
wise position Rex is equal to 1.17	105 for 
=0.245, which
is consistent with Blasius values: �9.1	104 and �0.258.
Moreover, it can be observed that these values are in good
agreement with those computed by Parker and Balachandar10

10 years ago, who obtained the critical parameters
Rex=1.15	105 and 
=0.244. Furthermore, from Fig. 8, the
corner mode appears to be more damped than the TS mode
with a critical Reynolds number above of the latter. A similar
observation was made by the previous authors, although the
critical Reynolds number underlying corner mode was above
ours, �5	105. Nevertheless, these results are qualitatively
in good agreement with those of the literature;10 we may thus
be confident of our numerical method.

Based on above discussion, it seems clear that the local
theory cannot explain why experimentalists observe a prema-
ture laminar-turbulent transition of the corner flow compared
to the flat-plate boundary layer. Therefore, in order to take
into account the extreme sensitivity in the corner region ob-
served in experimental measurements, we reconsider this

problem through a stability analysis where a certain degree
of uncertainty associated with the base flow is theoretically
investigated.

IV. SENSITIVITY ANALYSIS

A. Sensitivity to base-flow modifications

1. Analytical expression of the sensitivity function

Variations in the eigenvalue �� with respect to a small
deviation of the base flow �U= t��U ,�V ,�W� are investi-
gated by seeking a sensitivity function GU= t�GU ,GV ,GW�,
which is defined by the relationship

���U� = �
0

Ly �
0

Lz
tGU�Udydz . �13�

Following the recent sensitivity analysis of Marquet et al.23

in a global framework, GU may be determined by consider-
ing the gradient of the eigenvalue � regarding the base flow
U where the pair �U ,�� satisfies the eigenvalue problem �9�.
A variational approach classically used in control theory is
thus carried out in order to evaluate this last one. Therefore,
the linear system �9� can be viewed as a set of constraints,
which is introduced into a Lagrangian functional denoted by
F through the Lagrange multipliers q+=t �u+ , p+� as follows:
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FIG. 7. �Color online� Comparison of the neutral curves for the TS mode for
the corner flow with that for the Blasius flow.

FIG. 6. �Color online� Temporal eigenmodes of the TS modes and the corner mode associated with the spectrum in Fig. 5. The antisymmetric and symmetric
modes are referenced by A-S and S, respectively.
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�F�Q� = ��U� − �q+,L��,q̂�,U��

Q = �U,�,q,q+� .
� �14�

Here, � , � denotes an appropriate inner product, which is
taken here as

�p,q� = �
0

Ly �
0

Lz

ptBqdydz, with B =�
1 0 0 0

0 1 0 0

0 0 1 0

0 0 0 0
� ,

�15�

where •̄ denotes the complex conjugate.
In this control theory framework, �� ,q� are referred to

as the state, U is the control, q+=t �u+ , p+� are the adjoint
variables and ��U� is the objective function. Therefore, from
the gradients of the Lagrangian at the stationary point with
respect to the states and the adjoint variables, we recover the
direct system �9� and its respective adjoint as well as the
direct and adjoint boundary conditions. Finally, the gradient
of F with respect to the control variable yields an analytical
expression for the gradient of the objective function ��U�
with U, leading to an optimal condition that yields the sen-
sitivity function.

Consequently, in order to determine GU, the different
gradients with respect to these variables are evaluated. Fol-
lowing Gunzburger,27 the variation in F with respect to the
variable Q is defined as

lim
→0

F�Q + �Q� − F�Q�


. �16�

The analytical expressions of the gradients of F are now
detailed.

• Setting the first variation in F with respect to the
Lagrange multiplier q+ equal to zero leads to
−�L�� , q̂� ,U� ,�q+�=0. The variational terms being
chosen arbitrarily, L�� , q̂� ,U� has to vanish to zero.
The direct system is thus satisfied.

• Differentiating with respect to the state variable q

leads to −�q+ ,L�U ,� ,�q��=0 by linearity of the op-
erator L. Through successive integrations by parts, the
above expression leads to

�L+�U,�,q+�,�q� = 0. �17�

• Since �q is chosen arbitrarily, we obtain the adjoint
equations L+�� , q̂+� ,U�=0

L+	
− i�û+ − �U · ��û+ − i
p̂+ −

1
�2Rex

�2û+

− i�v̂+ + û+ ·
�U

�y
− �U · ��v̂+ −

� p̂

�y
−

1
�2Rex

�2v̂+

− i�ŵ + û+ ·
�U

�z
− �U · ��ŵ+ −

� p̂

�z
−

1
�2Rex

�2ŵ+

� · û .

�
�18�

• As above, setting the first derivative of F with respect
to the state variable � equal to zero provides a nor-
malization condition for the adjoint variables,

i�
0

Ly �
0

Lz

�û+û + v̂+v̂ + ŵ+ŵ�dydz = 1. �19�

• Finally, the gradient of the Lagrangian with respect to
the control U leads to the optimality condition

���U� − �
0

Ly �
0

Lz

û+��Ui
û + �V
� û

�y

+ �W
� û

�z
+ v̂

��U

�y
+ ŵ

��U

�z
�

+ v̂+��Ui
v̂ + �V
� v̂
�y

+ �W
� v̂
�z

+ v̂
��V

�y
+ ŵ

��V

�z
�

+ ŵ+��Ui
v̂ + �V
�ŵ

�y
+ �W

�ŵ

�z
+ v̂

��W

�y

+ ŵ
��W

�z
�dydz = 0. �20�
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FIG. 8. Temporal amplification rates of the TS mode as well as the
corner mode. The Reynolds numbers are fixed to Rex=1.25	105 and
Rex=2.5	105. The transverse wave number regarding TS mode is fixed to
zero.
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FIG. 9. Symmetric part of the temporal spectrum for Rex=8	104 and

=0.18.
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• Through successive integrations by parts, Eq. �20�
leads to an analytical expression for the sensitivity
function �13�

GU = �GU

GV

GW
�

=�
i
ûû+ + i
v̂v̂+ + i
ŵŵ+ −

� v̂û+

�y
−

�ŵû+

�z

� û

�y
û+ +

� v̂
�y

v̂+ +
�ŵ

�y
ŵ+ −

� v̂v̂+

�y
−

�ŵv̂+

�z

� û

�z
û+ +

� v̂
�z

v̂+ +
�ŵ

�z
ŵ+ −

�ŵŵ+

�z
−

� v̂ŵ+

�y

� ,

�21�

where �U=0 is assumed along the borders of the domain.

2. Sensitivity functions of the corner mode
and modes TS 1, 2, and 3

We take as a representative case the corner flow at
Rex=8	104 and 
=0.18. The corresponding spectrum is de-
picted in Fig. 9. We are only interested in symmetric modes.

The shapes of the sensitivity functions are displayed in
Fig. 10. One may observe that the mode TS 1 is mostly
sensitive to base-flow modifications near the walls and is
only mildly affected close to the intersection between the
two flat plates. On the other hand, the sensitivity function
associated with the corner mode is principally concentrated
near the corner. Furthermore, it is worth noticing that the
amplitude of the value of GU is larger for the corner mode
than for the mode TS 1. The sensitivity functions underlying
TS 2 and TS 3 illustrate a modification of the sensitivity

zone, where a part of which is moving around the corner. As
a result, the sensitivity of the modes TS 2 and TS 3 is in-
creasing compared to the mode TS 1. Therefore, from the
above discussion, it appears that the obliqueness of the TS
modes may induce an increase in the sensitivity and a stron-
ger influence of the corner on these last ones in contrast to
mode TS 1, corresponding to a transverse wave number
equal to zero. This may be explained by the spectrum de-
picted in Fig. 9. One may observe that the frequencies asso-
ciated with TS 2 and TS 3 are closer to the one underlying
the corner mode. It may thus be supposed that a common
sensitivity region exists for the corner mode and the modes
TS 2 and TS 3. Finally, in order to further explore the influ-
ence of this common sensitivity region on the corner mode
and the TS modes, the product �22� is depicted in Fig. 11
through the streamwise component,

��GU�i��corner mode� 	 ��GU�i��TS mode� , �22�

where •i denotes the imaginary part. Here the TS modes con-
sidered are TS 1, TS 2, and TS 3. As expected, one may
observe that the common region appears close to the corner.
Furthermore, we remark that its associated amplitude in-
creases when the frequency tends to approach the one under-
lying the corner mode, which is in agreement with the dis-
cussion above. An interesting aspect is that the product �22�
is negative for all the TS modes considered. By taking the
imaginary part of Eq. �13�, it is clear that the destabilization
of the considered mode is connected to the imaginary part of
the sensitivity function ��U is real�. From Fig. 11, it shows
that products �22� concerning TS 1, TS 2, and TS 3 are
negatives. As a consequence, if the temporal amplification
rate of the corner mode is optimized in order to be amplified,
the one corresponding to mode TS 3, for example, will be
damped. This last comment may corroborate the remark of

FIG. 10. �Color online� Sensitivity functions of the corner mode and the modes TS 1, 2, and 3 at Rex=8	104 and 
=0.18. GW is derived from GV by
symmetry along the bisector.
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Parker and Balachandar.10 Their study of the vortex structure
underlying the corner mode and oblique TS modes revealed
the contrast to the effect of the corner on these past ones.
This physical mechanism could be emphasized by the oppo-
site signs of the imaginary part of sensitivity functions re-
garding oblique TS modes and corner mode around the cor-
ner line. In order to further evaluate the sensitivity region to
base-flow variation for each mode, the next parts are dedi-
cated to determine the �U-pseudospectra through an optimi-
zation procedure.

B. Sensitivity to base-flow variations and optimal
deviation

1. The �U-pseudospectra: Sensitivity areas
of temporal modes

The theoretical base flow is referenced as Uref

= t�Uref ,Vref ,Wref�. We are looking for a small deviation of
Uref, which optimizes the temporal amplification rate �i for a
given circular frequency �r=�1 and a specific mode. For
that purpose, we introduce a small parameter, denoted by r,
which quantifies this deviation through an energylike norm.
A similar parameter is used by Bottaro et al. in their analysis
of the effect of base-flow variation in a Couette flow,19

r2 = �
0

Ly �
0

Lz

��U − Uref��2
2dydz . �23�

Here again a variational approach is used to maximize
�i. Therefore, we introduce the Lagrange functional F as
follows:

F�U,�1,�2� = �i�U� − �1

	��
0

Ly �
0

Lz

��U − Uref��2
2dydz − r2�

− �2��r − �1� , �24�

where we introduce the Lagrange multipliers �1 and �2 to
enforce the constraint associated with the deviation �23� and
the value of �r, respectively. The differentiation with respect
to the control U leads to

��i�U� − �1�
0

Ly �
0

Lz

2�U − Uref� · �Udydz − �2��r = 0.

�25�

Then from the sensitivity function �13�, the value of the gra-
dient with respect to U is

�UF = �GU�i − 2�1�U − Uref� − �2�GU�r, �26�

where

�1 = �� 1

4r2�
0

Ly �
0

Lz

���GU�i − �2�GU�r��2
2dydz �27�

from the definition of r. Then, the value of U, which
optimizes/minimizes �+ or �, respectively, in Eq. �27�� the
temporal amplification rate regarding r and �r, is obtained
by an iterative procedure based on a gradient algorithm
where the direction of the descent is given by the value of
the gradient of the objective function �26� and the step is
fixed. In order to satisfy the constraint on �r, the value of �2

is fixed a priori. This means that the value of �r is known
only after convergence. A similar procedure is applied by
Biau and Bottaro20 for a Poiseuille flow. The structure of the
algorithm to perform one optimization is depicted in the
Table II. The convergence criterion based on the residual
value R=maxy,z��Un−Un−1� , �Vn−Vn−1� , �Wn−Wn−1�� is chosen
equal to 10−10.

The results of the optimization are illustrated for a rep-
resentative case at Rex=8	104 and 
=0.18. For that pur-
pose, the corner mode as well as the mode TS 1 are targeted
where �2 is fixed equal to zero and the deviation parameter
varies from r=0 to r2=5	10−6 and from r=0 to r2=2.5
	10−5, respectively. It should be noted that it is equivalent to
search the optimal value of the temporal amplification rate
only with respect to r. In regard to the corner mode, it may
be observed from Fig. 12 that this last one moves to the
unstable half plane of the spectrum under a small variation in
Uref, whereas the TS modes are less affected by the optimi-
zation. In particular, the temporal amplification rates of
modes TS 2 and TS 3 are slightly damped. This is in agree-

FIG. 11. �Color online� Product of the imaginary part of the sensitivity functions associated with the corner mode and TS modes: ��GU�i��corner mode�
	 ��GU�i��TS modes 1 , 2 , 3�. Similar tendencies are observed for the V and W components.
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ment with the sensitivity functions where the active areas
associated with the TS and the corner modes are partially
disjoint and whose amplitudes are lower. Furthermore, the
negative sign of �22� is clearly highlighted. Typical residual
curves associated with previous optimizations are depicted in
Fig. 14. We may remark that there is a strong increase in the
number of iterations with the increase in the deviation pa-
rameter to reach convergence. Nevertheless, it appears that
less than ten iterations are necessary to converge for small
values of r. Concerning the mode TS 1, the optimizations are
illustrated through the spectrum and the residual curves de-
picted in Figs. 13 and 15, respectively. Same observations as
in the corner mode optimization could be raised. In particu-
lar, it is clearly emphasized from Fig. 13 that an increased
amount of energy is necessary to shift the eigenvalue asso-
ciated with TS 1 than the one underlying corner mode. Here
again, it is in agreement with the amplitude of the sensitivity

functions with respect to these last ones. Finally, one may
observe from Fig. 15 the slow convergence of the residual
value with an increase in r.

It is thus possible to span a sufficiently large range of �r

if many values of �2 are selected. Consequently, we may
illustrate the sensitivity area of the modes of the spectrum
depicted in Fig. 9. This can be done through the concept of
the �U-pseudospectra. Denoting spectra by �, the definition
of the previous object is

��U
= � � C,� � ��L�Uref + �U��, with ��U�en � r� ,

�28�

with �V�en=��0
Ly�0

Lz�V�2
2dydz. The isolines of ��U

are built
by targeting in each case the optimal mode, meaning the
mode leading to a maximum temporal amplification rate.

The isolines r2=10−6 and r2=5	10−6 are shown in Fig.
16. For instance, by considering an amplitude of the devia-
tion equal to r2=10−6, it is demonstrated that there is a cer-
tain band of possible unstable �r ranging from 0.084 to
0.089, well peaked around the corner mode. It is interesting
at this point to identify the evolution of the most active re-
gion of the flow with �r. For that purpose, we plot in Fig. 17
the value of the optimal deviation �U for six positions along

TABLE II. Structure of the algorithm to get one point of the contour level of
the �U-pseudospectra associated with a given value of r.

�0� Initial values

Theoretical base flow Uref, initialized distorted base flow
U0, Reynolds number Re, and wave number 
 are fixed

Initial guess of the considered mode, referenced as m1,
by using a first computation of the direct problem:
��r ,�i�0

Amplitude of the distortion is fixed: r �Eq. �23��
�2 is fixed �equivalent to fix a value of �r�, �2=0
meaning that �r is not fixed

�1� Solve the direct problem �9� by targeting m1: q̂�n�

�2� Solve the adjoint problem �18� by targeting m1: q̂+�n�

�3� Compute the associated sensitivity function �21�:
�GU��n�

�4� Compute the gradient of F �24� defined as
�U

�n�F= �GU�i
�n�−2�1

�n��U�n�−Uref�−�2�GU�r
�n�, where �1 is

determined by Eq. �27�.
�5� Change U�n� into U�n+1�=U�n�−s�U

�n�F, where s is
fixed

�6� Return to step �1� and iterate until convergence of R
below 10−10
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FIG. 12. �Color online� Spectrum of optimally distorted flow that maxi-
mizes �i of the corner mode at Rex=8	104 and 
=0.18.
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FIG. 13. �Color online� Spectrum of optimally distorted flow that maxi-
mizes �i of the TS 1 mode at Rex=8	104 and 
=0.18.
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FIG. 14. Residual values as a function of the number of iterations with
respect to corner mode associated with Fig. 12.
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the isovalue r2=5	10−6. The optimal variation progres-
sively tends to spread out of the corner and is mostly influ-
enced close to the wall with decreasing frequency. This illus-
trates well that the optimal deviation passes from a “corner”
mechanism to the one associated with TS waves. Further-
more, the range of possible positions of the corner mode at
these isolevels is larger than the one corresponding to the TS
modes.

Classically, the -pseudospectra of the disturbance op-
erator, referenced as ��, is used by defining the contours of
the resolvent as

� = � � C,� � ��L�Uref� + P�, with �P�2 � � ,

�29�

with P a perturbed operator. The object defined by �29� has
been widely used in the past and has been linked to physical
subcritical processes in one dimensional case flows as Cou-
ette or Poiseuille profiles28 as well as in two-dimensional
cases through a separated flow for instance.29 A computation-
ally efficient manner of determining the  levels is to use the
Hessenberg matrix derived from the Arnoldi algorithm as an
approximation of the full system.30,31 Although, norms used
are different, it seems relevant to compare qualitatively
bounds of sensitivity areas. An interesting fact is that the
discrepancies between the bounds of sensitivity areas of TS
modes and the corner mode are more important by consider-
ing the �U-pseudospectra. In particular, the sensitivity of the
corner mode compared to the TS modes is more distinguish-
able by using the �U-pseudospectra. It reflects that the un-
structured pseudospectra � classically used and the struc-
tured pseudospectra ��U

are different objects. Moreover, it
may be argued that restricting the disturbance operator to
base-flow variations seems more justified in our stability
analysis. Indeed, it seems physically relevant to consider that
unavoidable base-flow modifications in experiments, e.g.,
from intrusive measurement facilities or environmental fac-
tors, for instance, constitute an important source of differ-
ences between laboratory observations and theory. Therefore,
on the basis of the above results, it appears that base-flow
modifications around the intersection between the two flat
plates are more efficient to trigger an unstable mode derived
from the most sensitive eigenmode �from a base flow point

of view�: the corner mode. Consequently, it is justified to
further explore the influence of mean-flow modification hav-
ing the most effect on the corner mode for a deviation of
given magnitude.

2. An optimization of the inviscid mechanism
associated with the corner mode

Now, we are interested to determine the change in speci-
fied magnitude in the mean-flow profiles, which maximizes
the growth rate of the corner mode. In this case, the proce-
dure is similar to the one described above for the
�U-pseudospectra except that �2 is now fixed to zero. An
example of optimization was given previously through Fig.
12. The corresponding optimal deviation leading to a desta-
bilization of the corner mode is depicted in Fig. 18. As it was
expected from the discussion above on the sensitivity func-
tion, this one is concentrated close to the corner. Further-
more, in previous work by Balachandar and Malik,6 using an
extended Rayleigh equation, it is argued that the physical
mechanism related to the corner mode has an inviscid origin.
They suggested that the inflectional nature of the streamwise
velocity profile along the corner bisector plays an important
role in destabilizing the corner mode. The optimal deviation
of the base-flow profile along the corner bisector is plotted in
Fig. 18�c�. As it can be seen from the latter, the optimal
deviation is concentrated around the inflection point, which
may have for consequence to destabilize the inviscid mecha-
nism associated with the corner mode. A similar behavior on
the onset of an inviscid mechanism derived from a slight
base-flow deviation is observed by Bottaro et al.19 in Couette
flow. One may argue that the new distorted base flow is not
a solution of the Navier–Stokes equations and not even so an
approximation as the self-similar solution. Nevertheless, as it
is objected by Biau and Bottaro20 in a one-dimensional case
of a classical Poiseuille flow, the perturbed flow is an exact
solution to the forced Navier–Stokes equations where the
source term is derived from the addition of �U in the equa-

iterations

R

5 10 15 20 25 30

10-10

10-9

10-8

10-7

10-6

10-5

10-4

r2=1.10-6

r2=5.10-6

r2=1.10-5

r2=2.10-5

FIG. 15. Residual values as a function of the number of iterations with
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FIG. 16. �Color online� �U- and -pseudospectra for the corner flow at
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tions governing the fluid motion. As a consequence, we may
argue that any given base flow from experiments may be-
come unstable through a small steady deviation such as a
measurement device or surface roughness. Now, we address
the question if this inviscid mechanism, for a reasonable am-
plitude of the base-flow deviation, may trigger an instability
at a Reynolds number close to Rex=104 where Zamir14 pre-
dicted that the corner layer becomes unstable. For that pur-
pose, we track the optimal deviation of the corner mode in
the parameter space �
 ,r ,Rex�. Figure 19�a� shows the neu-
tral curve, which indicates the lowest Reynolds number for

which a positive amplification rate occurs over a reasonably
small deviation of the ideal mean-flow. Typically, here the
modification is between 0.1% and 1%. It may be observed
that the critical Reynolds number varies in inverse propor-
tion to the disturbance amplitude. Nevertheless, it appears
that even for a Reynolds number lower than �104, i.e., one
order of magnitude lower than the critical Reynolds number
associated with the TS waves in supercritical regime, the
optimally distorted base flow is able to experience exponen-
tial growth. The wave number with respect to the optimal
distortion is reported in Fig. 19�c�.

FIG. 17. �Color online� Optimal base-flow deviation with �r for r2=5	10−6 with respect to the coordinates illustrated in Fig. 16. �U is represented.

FIG. 18. �Color online� The optimal base-flow deviation obtained at the end of the algorithm with respect to the spectrum depicted in Fig. 12.
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One may observe that this last one is positioned around
0.2. The wavelength of the optimal eigenmode is seen to
increase with the Reynolds number. In addition, the wave
number is of the same order as the one corresponding to the
TS wave as observed in Fig. 19�b�. The corresponding cir-
cular frequency is reported in Fig. 19�c�. This last one is seen
to increase with the Reynolds number, and its numerical
value is around 0.1. An interesting fact is that these results
compare well with the bisector profile linear stability analy-
sis provided by Balachandar and Malik.6 This remark further
confirms the strong correlation between the instability
mechanism and the inflection point of the corner bisector.
From the above discussion, it seems clear that the corner
flow could become unstable at a lower critical Reynolds
number. The action of an inviscid mechanism, through a
slow deviation of Uref around the uncertain region related to
experimental observations, seems to be responsible for such
a consequence. Furthermore, the present analysis provides a
lower bound of the norm of base-flow variation, below
which exponential growth can occur and the associated op-
timal frequency and wavelength.

Finally, in order to further detail the influence of the
corner mode on the motion, Fig. 20 shows a perspective

view of three-dimensional isosurfaces of a positive value of
Q criterion underlying the perturbation associated with the
corner mode. Non-base-flow distortion �r2=0� and small de-
viation �r2=5	10−6� are compared. In the two cases, it
shows a similar vortex structure as the one described by
Parker and Balachandar10 where the influence of a stream-
wise adverse gradient pressure is considered. In particular, a
vortex pair is distinguishable close to the corner line on the
two sides of the bisector whose strength decreases consider-
ably away from the intersection. Then, the optimal modifica-
tion of the base flow seems to affect the specific structure of
this vortex pair. Consequently, the optimal deviation of the
base flow should have an influence on the secondary flow
arising in the corner flow problem.

V. CONCLUSION AND DISCUSSION

A linear stability analysis has been performed on a lami-
nar viscous flow along two solid surfaces at right angle. Ex-
perimental measurements with respect to the streamwise cor-
ner flow have shown extreme sensitivity in a certain region
close to the intersection14 referenced as the “uncertain re-

FIG. 19. �a� Neutral curve of the corner mode with respect to �r ,Rex�. �b� Corresponding wave number 
. �c� Corresponding circular frequency �.
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gion” in this work. The present analysis is devoted to assess
the influence of small base-flow variations on the linear sta-
bility results.

For that purpose, a minimal defect theory19,20 extended
to the analysis of an inhomogeneous flow along two spatial
directions is employed. It is shown that the critical Reynolds
number of the present streamwise corner flow could be
strongly reduced by only a slight base-flow modification
close to the corner. A small deviation of �1%, triggering an
inviscid mechanism through the so-called corner mode, al-
lows to obtain a critical Reynolds number based on a dis-
tance from the leading edge of �104. Therefore, this analysis
sheds new light on the low transitional Reynolds number
�Rex�104� as well as the extreme sensitivity of the corner
boundary layer as reported by Zamir14 almost 30 years ago.
To further support this scenario, the bisector profile predicted
by the same author is plotted in Fig. 21. It emphasizes that
the minimal defect is localized in the area where discrepan-
cies between theoretical and experimental data are the most
important. However, it would be desirable to comfort this
hypothesis by performing an experimental evaluation of the

magnitude of the distortion from Uref, as well as its localiza-
tion, in order to determine factor whether an exponential
instability could arise or not.

To conclude, we may remark that the present analysis
illustrates only a possible scenario for the explanation of the
low critical Reynolds observed in experiments of the corner
flow. It may be argued that a scenario based on a large spatial
transient growth could be another candidate to explain the
discrepancies between the experimental data and stability
theories underlying asymptotic analysis.32,33 An investigation
of this specific topic is currently in progress.

On the other hand, a full global stability approach taking
into account the three-dimensionality of the problem, similar
to the recent studies of Bagheri et al.34 concerning a jet in
cross flow or Mack et al.35 underlying a swept flow around a
parabolic body, could be an interesting prospect. Through an
appropriate superposition of a moderate number of three-
dimensional global modes, the convective mechanism con-
cerning the three dimensional corner flow should be high-
lighted precisely.29,36
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