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The linear stability of a weakly nonparallel flow, the case of a flat plate boundary layer, is revisited
by a linear global stability approach where the two spatial directions are taken as inhomogeneous,
leading to a fully nonparallel stability method. The resulting discrete eigenvalues obtained by the
fully nonparallel approach seem to be in agreement with classical Tollmien–Schlichting waves.
Then the different modes are compared with classical linear stability approach and weakly
nonparallel method based on linear parabolized stability equations �PSEs�. It is illustrated that the
nonparallel correction provided by the linear global stability approach is well matched by linear
PSE. Furthermore, physical interpretation of these spatio-temporal global modes is given where a
real pulsation, which has more physical interest, is considered. In particular the use of a Gaster
transformation and the pseudospectrum illustrate the local and global properties of these Tollmien–
Schlichting modes. Finally, the contribution of different components of global modes �normal and
streamwise� in the transient amplifying behavior associated with the convectively unstable boundary
layer is analyzed and compared with a classical steepest descent method. Then, a discussion of an
equivalent of the continuous branch is given. © 2007 American Institute of Physics.
�DOI: 10.1063/1.2804958�

I. INTRODUCTION

The development of Tollmien–Schlichting �called TS
hereafter�1,2 convective instability waves in a flat plate
boundary layer and the consequent transition to turbulence
were studied in a series of experiments in Refs. 3–8 since the
beginning of the last century and by numerical simulations in
the second half of the 20th century.9,10 Early theoretical work
attempted to explain the first phase of transition process in a
linear stability approach where the so-called “parallel flow”
assumption is used. The parallel flow approximation has
been used extensively in theoretical studies of flow stability,
so that the partial differential equations describing an arbi-
trary small disturbance of a basic nonparallel motion may be
reduced to a more readily analyzed ordinary differential
equation, the Orr–Sommerfeld �called OS hereafter� equa-
tion. However some discrepancies still remained between the
OS theoretical predictions for the neutral stability curve and
experimental results. Beginning in the 1970s, a series of non-
parallel flow theories emerged.11–17 All these theories include
an appreciation of the nonparallel effects which are due to
the boundary layer growth. The nonparallel flow effects were
included by means of a perturbation of the OS problem, with
the slow variation of the basic boundary-layer flow being
assumed to cause only a minor deviation from the parallel-
flow predictions. The agreement between the theory and ex-
periment was clearly improved by these weakly nonparallel
approaches although not all the discrepancies were entirely
resolved.

In the context of boundary-layer type flows, among the
various nonparallel theories, the most successful effort to-

date is the parabolic stability equation approach, introduced
by Herbert and Bertolotti.18 Compared to the methods based
on multiple scales, parabolized stability equation �PSE� ap-
proach permits us to easily evaluate at the same time the
nonparallel and the nonlinear effects. By this approach, the
stability equations are parabolic in the main direction of the
basic flow, which permits to numerically solve a stability
problem by a simple marching procedure in x. For a
boundary-layer flow evolving on a flat plate, the instability
modes predicted by PSE theory are in good quantitative
agreement with the DNS results in both linear and nonlinear
regimes.10,17,19–21 Before the development of the PSE theory,
the only approach to solve the fully nonparallel and nonlin-
ear boundary-layer transition problem was by direct numeri-
cal simulation �DNS�.22–24

The great progress in computer facilities in this last de-
cade has had a profound impact on stability research. In par-
ticular, the possibility of recovering global intrinsic phenom-
enon where streamwise and normal directions are taken as
eigendirections, thanks to a fully nonparallel approach has
been successful �Ref. 25, referenced as BiGlobal in Ref. 26�.
Despite these remarkable accomplishments the relationship
between global and local properties remains a prolific re-
search area in the stability domain. Especially the possibility
of identifying convective characteristics thanks to global
properties was not clarified in realistic flows. Recent analysis
on a flat plate boundary layer by Erhenstein and Gallaire27

revealed the capacity to globally measure the transient am-
plifying behavior associated with a locally unstable convec-
tive boundary layer with a global linear stability analysis.
Their study confirmed the Cossu and Chomaz theoretical
work on the Ginzburg–Landau equations where the convec-
tive phenomenon was thought of as a superposition of ini-
tially excited non-normal stable global modes.28 Such modes
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were stated as convective waves by some authors29,30 and
identified as an extrinsic characteristic. Nevertheless clear
identification of “convective” global stable modes and their
influence on realistic convective flow are still not revealed.
In particular, how they can be related to local convective
properties as the position on the neutral curve and how they
can be involved in a global response to a harmonic forcing
provided by experimental actuators, for example? The first
sections of this article will thus be devoted to answer to these
interrogations with the classical convectively unstable
boundary layer.

Furthermore, a complete analysis of the global mode
non-normality combines the effects of the streamwise and
normal directions. Then the spatio-temporal transient ampli-
fication behavior should reflect the influence of these two
components. Consequently, the last part of this article is de-
voted to the contribution of these two components and their
possible implication on convective unstable flow such as the
flat plate boundary layer.

II. BASIC FLOW

So that the linear analysis of stability is carried out with-
out assumption of parallelism for the base flow, the full
Navier–Stokes equations are considered.

The two-dimensional dimensionless Navier–Stokes
equations for an incompressible fluid are used in the stream
function-vorticity formulation,

��

�t
+ u

��

�x
+ v

��

�y
=

1

Re
� �2�

�x2 +
�2�

�y2 � and �� = � . �1�

The Reynolds number is based on exterior velocity and in-
flow displacement thickness value as references velocity and
length, respectively. System �1� with � the vorticity and �
the stream function is thus closed by the following boundary
conditions:

��/�y = 1, � = 0 and � = 0, ��/�y = 0 �2�

for the upper boundary and the wall, respectively. At the
inflow and at the outflow, a Blasius profile and �2� /�x2=0,
�2� /�x2=0 are imposed, respectively.

A second order finite differences scheme is used for the
vorticity transport equation as well as the Poisson equation.
An ADI factorization is employed to solve the transport
equation and the Poisson equation is resolved by an ADI
iteration process �Briley31�. The grid used is uniform in
the streamwise direction and geometrical in the normal
direction.

The present paper is devoted to analyze a flat plate con-
vectively unstable boundary layer flow. The Reynolds num-
ber based on the displacement thickness at the inlet is thus
chosen to be equal to 610 higher than the critical Reynolds
number Re�520. A grid 450�150 on a domain length up to
500 and a normal extension of 25 provides an accurate basic
flow converged at about 10−8 based on the maximum of the
vorticity. The shape factor calculated all over the domain
varies from 2.591 to 2.592 which is in accordance with the
Blasius value.

III. TWO-DIMENSIONAL LINEAR BIGLOBAL
STABILITY APPROACH

In this section the BiGlobal stability method, composed
of the linearized Navier–Stokes equations where the stream-
wise and the normal directions are taken as eigendirections
and closed by appropriated boundary conditions, is pre-
sented.

A. Eigenvalue problem

The proposed global linear stability analysis is based
on the classical perturbations technique where the instanta-
neous flow �q� is the superposition of the basic flow
�Q= �U ,V , P�T, with �U ,V�, the velocity field and P
the mean pressure�, data of this problem and unknown per-
turbation �q̃�, q�x ,y , t�=Q�x ,y�+�q̃�x ,y , t�+c .c., ��1. A
wave form is taken for the perturbation: q̃�x ,y , t�
= q̂�x ,y�exp�−i�t�, where � is the circular global frequency
and q̂= �û , v̂ , p̂�T the two-dimensional amplitude function of
the fluctuation. The linearized incompressible Navier–Stokes
equations lead thus to the following partial differential equa-
tions:

�û

�x
+

�v̂
�y

= 0,

�L +
�U

�x
	û + v̂

�U

�y
+

�p̂

�x
− i�û = 0, �3�

�L +
�V

�y
	v̂ + û

�V

�x
+

�p̂

�y
− i�v̂ = 0,

where L=−1/Re��2 /�x2+�2 /�y2�+U� /�x+V� /�y. This kind
of approach can be called as a global linear stability
approach32 or BiGlobal approach.26

B. Numerical method

The differential equations �3� are discretized by a spec-
tral collocation method based on Chebyshev polynomials.
The spectral grid 180�45 interpolated from the DNS grid
using a third order spline interpolation routine gives a good
accuracy for the concerned global modes. The discretized
system �3� closed by boundary conditions �described below�
and constraints on pressure define a generalized eigenvalues
problem �see Appendix A�,

Aq̂ = i�Bq̂ , �4�

with i� the eigenvalue and q̂ the eigenfunction. The problem
�4� being too large to solve the entire spectrum, a shift and
invert Arnoldi algorithm is used, providing a good approxi-
mation of the considered global modes. Hence, the original
eigenvalues problem is convert into

�A − �B�−1Bq̂ = 	q̂, 	 =
1

i� − �
, �5�

where � is a shift parameter. Following the algorithm
of Theofilis26 and thanks to ARPACK routines33 the Krylov
subspace is generated by span
Ckx0�0
k
n−1 with
C= �A−�B�−1B, x0 an initial vector and n the dimension of
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the subspace. A LU decomposition of �A−�B� at the begin-
ning of the algorithm allows a fast generation of the Krylov
subspace thanks to a successive resolution of the linear sys-
tem �A−�B�X=Y. Iterations on Krylov subspace of dimen-
sion 250 allowed to recover a sufficient part of the consid-
ered spectrum.

IV. GLOBAL TEMPORAL MODES ANALYSIS

Three domain lengths are studied 230, 340, 400 �corre-
sponding to a variation on Reynolds number based on the
displacement thickness from 610 to �885, �995, and
�1050, respectively� and will be referred to as D1, D2, and
D3 thereafter. The upper limit ymax in the wall-normal vari-
able is chosen to be ymax=20, that is 20 times the displace-
ment thickness at inflow. One may hence be confident that
this value is sufficiently large to not influence the results �see
Appendix B 1�.

A. Some discussions on boundary conditions

1. Boundary conditions for velocity disturbances

The set of admissible solutions of the partial differential
system �3� must be supplemented by physically plausible
boundary conditions. For a boundary layer flow, or more
generally for any weakly nonparallel flow, the boundary con-
ditions in the normal direction are identical to those imposed
for a local analysis. At solid walls, viscous boundary condi-
tions are imposed on all disturbance velocity component,

û = v̂ = 0. �6�

In the free-stream, exponential decay of all disturbance quan-
tities is expected. The boundary condition �6� is thus im-
posed at the distance ymax=20 from the wall with homoge-
neous Dirichlet boundary conditions on all disturbance
velocity components �see the analysis of the dependence of

the ymax value in Appendix B 1�. At inflow and outflow, the
boundary conditions are not straightforward and depend on
the physical configuration. When the global modes describe
an intrinsic phenomenon spatially localized in the basic flow
such as, for example, the global mode in a laminar separation
bubble, see Ref. 34, the disturbance is generated within the
examined basic flow field and exists without continuous ex-
citation from the inflow. Homogeneous Dirichlet boundary
conditions on the disturbance velocity components are then
imposed at the inflow. At an outflow boundary, an ambiguity
is encountered on the choice of the boundary conditions to
be imposed on the disturbance velocity components. In order
to impose the less restrictive condition, an extrapolation on
the disturbance velocity components from the interior of the
integration domain is performed.34 Another possibility ap-
pears when the global modes describe an extrinsic phenom-
enon as convective instabilities which is a response to an
excitation. As a result the global modes are spatially ex-
tended. In the last case, if the basic flow field is locally
unstable all over the domain, the disturbance mode structure
will extend from inflow to outflow boundaries. This phenom-
enon is examined in the following study on a convectively
unstable boundary layer. As a consequence, boundary condi-
tions which will simulate the well known Tollmien–
Schlichting waves at the inflow and at the outflow have to be
imposed on the velocity disturbances. The main idea is to
transform the spatial problem obtained from the classical
one-dimensional analysis into a temporal problem at the in-
flow and at the outflow. Consequently the streamwise deriva-
tive of the global mode is imposed at inflow and outflow
through the Robin boundary condition �û /�x= i�û, where the
local dispersion relation ���� is approximated by a Gaster-
type transformation,35

�  �0,r +
��r

��r
��0��� − �0� , �7�

which is justified as long as the imaginary parts of � and �
are small �r denoting the real part�. For that the real fre-
quency �0 is chosen at inflow as well as outflow really near
the neutral curve. The value of �0,r is thus determined by
solving the OS equation. Finally, the boundary conditions at
inflow and outflow are27

c0
�û

�x
= i��� − �0� + c0�0,r�û , �8�

where c0=1/��r /��r��0� is a local group velocity calcu-
lated by finite differences of second order around �0. Here
only the Tollmien–Schlichting mode corresponding to physi-
cal responses in the x�0 direction will be taken into account
in Eq. �7� in order to simulate wave propagation in the down-
stream direction. Similar justification has been provided by

FIG. 1. �Color online� Spectra resulting from the linear global stability
analysis of the boundary layer at Reynolds number equal to 610 for the
domain D3 with the Gaster relation �8� at the outflow �a� and TS modes with
the extrapolation �b�.

FIG. 2. �Color online� Real part of û
of the TS mode with �r0.113 result-
ing from the linear global stability
analysis of the boundary layer at Rey-
nolds number equal to 610 for the do-
main D3 with the extrapolation at the
outflow.
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Lingwood36 for the analysis of the pulse response by the
steepest descent method in a boundary layer. However the
development �7� obtained from the local dispersion analysis
is justified only in the case where the mean flow is weakly
nonparallel at inflow and outflow as the boundary layer.

Moreover it confines the obtained solution to the Tollmien–
Schlichting waves only. Otherwise a more general outflow
boundary condition for extrinsic phenomenon based on simi-
lar extrapolation condition as Theofilis26 at the outflow has
been used by Chedevergne et al.,29

∀y�û�nx,y� =
x�nx� − x�nx − 2�

x�nx − 1� − x�nx − 2�
û�xn − 1,y� +

x�nx − 1� − x�nx�
x�nx − 1� − x�nx − 2�

û�xn − 2,y�

v̂�nx,y� =
x�nx� − x�nx − 2�

x�nx − 1� − x�nx − 2�
v̂�xn − 1,y� +

x�nx − 1� − x�nx�
x�nx − 1� − x�nx − 2�

v̂�xn − 2,y� � . �9�

Consequently, the influence of the two different outflow
boundary conditions on the resulting eigenfunctions and
spectrum will be examined.

2. The treatment of spurious pressure modes

The treatment of the pressure for incompressible flow
using a Chebyshev/Chebyshev discretization is discussed in
Refs. 37, 38, and 27. Constraints on pressure are integrated
on the system �4�, the spurious line, column, and checker-
board pressure modes as well as the constant mode are put to
zero �details in Appendix B�.

B. Spectrum and eigenfunctions

1. Boundary conditions evaluation

BiGlobal analyses are performed at Reynolds number
610 for D3 with the two different boundary conditions at the
outflow: The extrapolation and the approximation of the lo-
cal dispersion relation. The spectrum is composed of two
distinct sets of modes; one set where all eigenfunctions de-
cay exponentially following the normal axis and another set
where the modes are aligned vertically and where an impor-
tant part of the energy is concentrated on a large value of the
y axis �Fig. 1�. The stability of each temporal mode is in
accordance with the fact that a boundary layer is convec-
tively unstable but absolutely stable and consequently glo-
bally stable. The first set of modes seems to be reminiscent to

FIG. 3. �Color online� Top, spectrum resulting from the
linear global stability analysis of the boundary layer at
Reynolds number equal to 610 for domains D1, D2,
and D3. Bottom, space variation between modes with
the domain length, ��r= f�Lx�. Another computation
for Lx=500 is performed to clarify the tendency.

FIG. 4. �Color online� Real part of û
for two global TS modes of the do-
main D3: �a� �r0.068, �b� �r

0.113.
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a TS wave and will be noted as TS modes; the second set
will be discussed in the last part. A comparison of the two
boundary conditions on the TS modes is shown in Fig. 1. The
structure seems to be quite similarly composed of a branch
of discrete modes spaced uniformly and placed on the same
level. Figures 2 and 4 illustrate eigenfunctions from the BiG-
lobal calculation with the extrapolation and the Gaster rela-
tion, respectively. The outflow structure is thus better defined
with the second one. In this particular case where the parallel
flow and the weak spatial amplification rate assumptions are
verified, the approximation of the local dispersion relation
�8� is more appropriated and is used for all the next results.
�The influence of the value of �0 at the inflow is discussed in
Appendix A 2.�

2. Influence of the domain size

Figure 3 represents the branch of TS modes from the
stability analysis. The difference between spectra depends
explicitly on domain size �see Appendix B 2�. The discreti-
zation of the frequency comes from the truncation of the
domain. Indeed, the space between frequencies decreases
when the domain length increases and asymptotically prob-
ably tends towards an almost continuous branch when the
domain tends to infinity.

In order to understand the meaning of these spatio-
temporal modes and their physical interpretations, the study
is organized following two axes. First, each TS mode is ana-
lyzed independently and secondly, the transient behavior re-
sulting from the non-normality of global TS modes, princi-
pally caused by the streamwise non-normality, is studied.
Then an analysis of the other global modes and their possible
implications in the transient dynamic are discussed.

C. Comparison of TS modes from the linear BiGlobal
stability analysis with linear PSE and one-
dimensional linear stability analysis

For the domain D3, wave number, spatial growth rate,
and eigenfunctions are compared with a one-dimensional lin-
ear stability analysis for two complex pulsations as well as
weakly nonparallel linear approach PSE �linear PSE will be
referred like PSE thereafter�. The PSE method used is iden-
tical as39,40 in a similar flat plate configuration �consequently
none curvature terms are considered�. Two complex pulsa-
tions corresponding to a short wave mode and a long wave
��r�0.113 and �r�0.068, respectively� are analyzed.

1. Wave numbers

The perturbations can be written as û= �û�exp�iu�x ,y��
and v̂= �v̂�exp�iv�x ,y��, where u and v are the wave’s
phase relative to the disturbance following x and y, respec-
tively. The phase defined on �0,�� is found by the following
relationships:

u = arctan� ûi

ûr
� , v = arctan� v̂i

v̂r
� , �10�

where r and i denote the real and the imaginary parts of the
eigenfunction û and v̂. The phase is dependent on y, thus a
criteria is necessary to measure the wave number. The value
taken at the maximum of the modulus of the eigenfunction at
each x position is retained. Finally the streamwise wave
number �r is calculated by

�ru
= �u�x,yu max�/�x, �rv

= �v�x,yv max�/�x �11�

with yu max and yv max the locations where �û� and �v̂� reach a
maximum, respectively. The comparison with PSE is real-

FIG. 5. �Color online� Comparison between PSE and BiGlobal approach for
the wave number of the TS modes �r�0.068 �a� and �r�0.113 �b� for the
domain D3. BiGlobal results are referenced by 2D.

FIG. 6. �Color online� Comparison between PSE and BiGlobal approach for
the spatial amplification rate −�i of the TS modes �r�0.068 �a� and �r

�0.113 �b� for the domain D3.
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ized for the two previous pulsations: �r�0.068 and
�r�0.113 �Fig. 4�. In order to not be influenced by the
boundary conditions with the BiGlobal method and by the
transient in the PSE approach the wavelengths obtained by
the different linear methods, are compared in the part of the
domain where x is varying from 50 to 350. A similar criteria
to the one used in the BiGlobal method, to take into account
the nonparallel correction is applied to PSE. Results shown
in Figs. 5�a� and 5�b� illustrate the nonparallel correction
provided by the fully nonparallel approach and give a good
similarity with the PSE method.

2. Spatial amplification rates

The growth rates −�i are determined from the BiGlobal
approach using the formula

�i = −
1

A

dA

dx
, �12�

with A the amplification curves depending on the criteria
used to characterize the nonparallelism. The same criteria for
the nonparallel correction described in the previous section is
used,

A�x� = �û�yu max�� , A�x� = �v̂�yv max�� . �13�

A comparison between the spatial growth rate obtained with
PSE, BiGlobal, and the classical parallel approaches is
shown in Fig. 6. Results illustrate the influence of the non-
parallelism on the amplification rate. BiGlobal curves are
clearly in accordance to the PSE approach.

3. Eigenfunction

In the classical nonparallel correction �PSE or multi-
scales analysis� the perturbation is decomposed into a slowly
varying amplitude, the eigenfunction, and a fast varying
complex phase with the Wentzel–Kramers–Brillouin �WKB�
approximation.41 This assumption is well verified for a
boundary layer by comparison with DNS �Fasel and
Konzelmann10� multiscale analysis �Bridges and Morris14�,

and PSE �Herbert and Bertolotti18�. Then it could be ex-
pected that the most influence of the nonparallelism will be
in the exponential part �wavelength and spatial amplification
rate�. Figure 7 illustrates this result. The comparison of the
eigenfunction between a one-dimensional stability analysis
and BiGlobal presents a good agreement. Similar results
have been found in the DNS comparison.10

In these sections it has been illustrated that TS modes
correspond well to TS waves and match perfectly with the
local dispersion relation. However their physical interpreta-
tion is not clarified and particularly how these spatio-
temporal modes can be related to the influence of a real
frequency which has more physical interest. Then two pos-
sible cases are considered. At first a Gaster transformation is
used in order to find the equivalent spatial modes. Then the
sensitivity of global modes is analyzed to identify the global
asymptotic response of the boundary layer to a harmonic real
forcing.

D. Link with local approach, neutral curve

To obtain spatial modes it can be supposed that the tem-
poral damping rate takes part in the spatial amplification of
the perturbation and then may be determined the spatial un-
stable or stable nature of the mode. The mode is written as
follows:

q̂�x,y�exp�− i�t� = q̂�x,y�exp��
x0

x �i

vG
dx − i�rt� . �14�

A Gaster transformation is used to recover the spatial ampli-
fication rate �14� where vG is the group velocity ��r /��r

calculated by finite differences of second order with adjacent
modes. The spatial amplification rate can thus be decom-
posed into two parts: one from the eigenfunction and another
from the temporal amplification rate �i /vG. Figure 8 repre-
sents a comparison of spatial amplification rates −�i between
PSE and BiGlobal approaches where �i is obtained from the
eigenfunction only and from the correction Eq. �14�. As
shown in Fig. 8, the spatial approach is well corrected thanks

FIG. 7. �Color online� Comparison between one-
dimensional and BiGlobal approaches for the modulus
of the eigenfunction of the streamwise velocity pertur-
bation for the TS mode �r�0.068 of the domain D3.

FIG. 8. A comparison of the spatial amplification rate
−�i with the real pulsation taken as �r�0.068 �similar
to a reduced frequency Fr=111�10−6� in PSE and a
correction �14� in the BiGlobal approach referenced as
�i�2D14�. The lower long dashed curve represents the
spatial amplification rate resulting only from the global
eigenfunction. The nonparallel criteria is based on umax.
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to the relation �14� which particularly recovers the position
of the neutral curve.

E. Asymptotic behavior

In the previous parts it has been revealed that each of
global modes verify the local dispersion relation and can be
related to spatial waves thanks to a Gaster transformation.
Otherwise, the classical analysis for the study of convective
instability is to consider the asymptotic response of the flow
to a harmonic forcing localized in space as vibrating ribbons,
for example. The present analysis will thus be focused on the
possibility from the BiGlobal calculation to determine the
global harmonic frequency’s receptivity of the boundary
layer.

The temporal evolution of the flow due to a forcing term
f localized in space is determined with

�B
�

�t
− A�q = fei�t, �15�

where � is a real pulsation. Consequently the solution of

Eq. �15� is q=q0eDt+ f̂ei�t with D the diagonal matrix of the

generalized eigenvalue problem �4� and �i�B−A�f̂= f.
All the temporal modes are temporally damped, and the

flow is governed asymptotically by f̂ei�t. By introducing
P���= �i�B−A�−1, the norm �P���� will thus show the
global sensitivity to a harmonic forcing for the TS modes.
This sensitivity can be evaluated by the use of the
�-pseudospectrum, ��= 
��C , �P������−1�. The system is
too large to solve the entire pseudospectrum ��. The Hessen-
berg matrix resulting from the Arnoldi calculation is used as
an approximation.42 Figure 9 presents the contours of �� with
�.� taken as the L2-norm. The sensitivity of a harmonic fre-
quency is measured at the crossing of �� with the real axis of
the pulsation. It is interesting to see that even if the mode
�r0.084 is less damped than �r0.068 it will be less
sensitive to real pulsation. Consequently the pseudospectrum
from the BiGlobal analysis reveals a global response to forc-
ing of a convectively unstable boundary layer and brings a
new physical interpretation of these particular global modes.
This kind of BiGlobal analysis would then be powerful to
identify which frequency can excite convective waves opti-
mally in more complicated fully nonparallel flow as, for ex-
ample, the separation bubble.30 More particularly that kind of
analysis could explain some global unsteadiness observed on
separated flows even if the flow is globally stable.43 Indeed
the pseudospectrum and the very high sensitivity of the glo-
bal mode could indicate a subcritical phenomenon. This
strong sensitivity to external real perturbation could thus al-
low us to select sustained external excitation on the most

sensitive mode only thanks to slight background noise. Fi-
nally another way to interpret the influence of the TS modes
is to consider each of them as a portion of a wave packet
which is physically representative.

V. NON-NORMALITY ANALYSIS

A. Transient growth due to the TS waves

1. BiGlobal approach

In this section the wave packet dynamic provided by the
non-normality of the eigenvectors related as TS waves is
discussed. Indeed, the wave packet can be seen as a collec-
tion of initially excited non-normal global modes whose am-
plitudes decrease in time but whose superposition and inter-
ference produce large transient growing in time and moving
in space as the relative phases of modes vary.28,32 Typically it
is the case of the global TS modes studied in the previous
section. The perturbation is expressed in a two-dimensional
eigenvectors basis as follows:

q̃�x,y,t� = �
k=1

N

Kk
0 exp�− i�kt�q̂k�x,y� . �16�

N is the number of global modes taken into account. q̂k�x ,y�
and �k are eigenvectors and eigenmodes, respectively. Kk

0 is
the initial energy injected along each TS eigenvector. Then
the maximum of the energy at time t of all possible initial
conditions can be studied in an orthogonal basis �for more
details, see Ref. 44�,

G�t� = max
Kk

0

E�t�
E�0�

= �F exp�tD�F−1�2
2 �17�

with Dl,k=−iIlk�k, the diagonal matrix of eigenvalues.
A = tF�F ���complex conjugate� is the Cholesky decompo-
sition of the matrix of eigenvectors scalar product A,

Aij = �
0

ymax �
0

Lx

�ûi
�ûj + v̂i

�v̂ j�dxdy . �18�

Consequently, the maximum energy amplification for time t
is given by the highest singular value of the matrix
F exp�tD�F−1.45,46 The calculation also provides the optimal
disturbances in the eigenvector basis thanks to a basis
change. The transient growth is studied for the three domains
considered D1, D2, and D3. The eigenvalues taken into ac-
count are shown in the spectrum Fig. 3 �13, 17, and 20
modes for D1, D2, and D3, respectively�. The energy growth
resulting is depicted in Fig. 10, in red, green, and blue for
lengths 230, 340, and 400, respectively; dashed lines repre-

FIG. 9. �Color online� Contours of
�-pseudospectrum for the domain Lx

=400. Levels are presented in the
logarithmic scale: −log10� . �2. Circles
denote global TS modes location.
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sent the evolution of initial disturbances leading to an opti-
mal energy growth.

The optimal initial condition produced by the interfer-
ences between global modes thus takes the form of a well
defined wave packet. The space-time evolution of the wave
packet is represented in Fig. 11 and the space-time diagram
in Fig. 12. The temporal amplification rate of the previous
wave packet, characterized by the dashed energy curves il-
lustrated in Fig. 10 appears independent of the domain length
considered. A characteristic of convective instability of
weakly nonparallel flow is recovered, and the disturbance is
localized inside an almost constant ray and it is convected
away as it amplifies �Huerre and Monkewitz 47�.

2. Comparison with steepest descent method

To qualitatively evaluate the speed of the wave packet
obtained by the global approach, the impulse response is
estimated by the method of the steepest descent �Gaster48�.
Thus the wave packet is solved as follows:

I = �
�r

exp�i��
x0

x

��x�,��dx� − �t�d�� , �19�

where � and � satisfy the local dispersion relation related to
the TS mode obtained under the assumption that the mean
flow is locally parallel. Although the steepest descent method
is an asymptotic approximation of Eq. �19�, it provides a
very good evaluation even near the source.49 The solution of
the above integral is then

I �
t→�� 2�

i�
x0

x �2�

��2 �x�,���dx��
1/2

exp�i��
x0

x

��x�,��� − ��t��
�20�

with �� as

�
x0

x ��

��
��x�,��dx���=�� = t . �21�

Finally, Eq. �19� can be solved for each streamwise position
and the amplification rate can be determined. A Newton–
Raphson iteration scheme is used to converge for a given
Im��� to a value Re��� that satisfies Eq. �21�. The same
method is used by Lingwood36 to compute the envelope of
the amplitude of a Blasius boundary layer. The space-time
diagram, Fig. 12, is plotted for only positive amplification
rates values, 
−Im��x0

x ��x ,�*�dx / t�+Im��*��. From Fig. 12,
it can be seen that wave packet propagation is almost similar
in both cases. Indeed the border of the wave packet starting
at the beginning of the flat plate ends at time almost equal to
1000 for the two methods. The nonparallel correction due to
the BiGlobal approach is weak for the wave packet speed
propagation. Thus, the transient resulting from the non-
normality of the TS eigenvectors simulates the behavior of
the wave packet as it was computed by the previous method
�Gaster48�. Then the comparison allows us to be confident
that transient growth examined in this part is principally gov-
erned by the non-normality of the streamwise direction of the
TS modes. Consequently the influence of normal direction
from TS modes in the transient growth can be considered as
weak.

Although the mechanism considered here allowed to ob-
tain a global measure, with the value of G�t�, of the convec-
tive instability resulting from the TS modes of the flat plate
boundary layer differs from the classical transient growth
analysis of a boundary layer leading to a bypass transition.
Indeed, it is well known that continuous spectrum of the OS
equation for unbounded flow has a great influence on the
transient behavior caused by the non-normality of the normal
direction and particularly for 3D perturbations. Consequently
it can be asked if the other global modes from the spectrum
�see Fig. 1� can describe an equivalent of the continuous

FIG. 10. �Color online� Energy curves
resulting from the non-normal analysis
of TS modes for the domains D1, D2,
and D3. The dashed lines are the en-
ergy evolutions from the initial distur-
bances leading to a maximum of tran-
sient growth and the envelopes in full.

FIG. 11. �Color online� Wave packet
resulting from the non-normality
analysis of TS modes plotted at two
times: 0 and 600 for the domain D3.
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spectrum of the OS analysis and could possibly create tran-
sient energy thanks to the normal and streamwise directions.

B. Global modes that are similar
as a continuous spectrum

In the next analysis it is supposed that the flow is parallel
and the spatial amplification rate sufficiently small to be ne-
glected. The continuous spectrum in the BiGlobal analysis is
then similar to the OS equation, �r /�r=U, with U the exte-
rior velocity, U=1, then �r=�r.

50 The truncation of the do-
main in the BiGlobal analysis imposes a minimal wave num-

ber equal to �r=2� /Lx with Lx the domain length. Then it
is plotted in Fig. 13 the position of the possible continuous
branch from the BiGlobal equations, �r=N��r with
N�N and the entire spectrum. The agreement is pretty clear
between the positions of no TS modes and those of the sup-
posed continuous spectrum. All calculations gave the same
results. Thus a difficulty occurs for describing the wave
packet of a boundary layer subjected to a 3D perturbation
when the transient growth due to the continuous branch is
larger51 and particularly for long transverse wave number
thanks to a BiGlobal analysis. It can be thus supposed that
there is a short time where these “continuous branches” can
have an influence of the wave packet dynamic. Moreover it
would be an ideal test to have a global measure of the tran-
sient amplification when the effects of the non-normality on
the streamwise and normal directions are strongly combined.

VI. SUMMARY

This paper’s aim was to prove the ability of a linear
global approach based on a two-dimensional linear BiGlobal
stability analysis �spanwise wave number is fixed to zero� to
recover convective instability properties of a boundary layer.
A detailed study on the influence of the boundary conditions
used in the literature and the treatment of the spurious pres-
sure mode is well defined for the eigenvalue problem result-
ing from the discretized BiGlobal linear stability equations
�3�. More particularly, the choice of the boundary condition,
based on the approximation of the local dispersion relation,
appears more appropriated at the outflow. The structure of
the global stable TS modes match perfectly with a nonparal-
lel approach based on the linear PSE equations. Moreover
the possibility of recovering local properties as the position
on the neutral curve is clarified. Furthermore, a global char-
acteristic of convective flow is illustrated on realistic flow.
Indeed the use of the approximation of the pseudospectra
determines the global sensitivity to a harmonic forcing in the
asymptotic behavior and brings a new physical interpretation
of these global modes. Finally, the comparison between tran-
sient growth energy resulting from the non-normality of TS
modes and the steepest descent shows that the normal com-
ponents contribution of the TS modes is weak. Then a dis-
cussion on an equivalence of the continuous branch where
the contribution could be from the normal and streamwise
components is opened. Particularly a study on their effect of
such flow submitted to 3D perturbations should be interest-
ing. Otherwise the present global modes discussions on such
an academic configuration opens considerable prospects on
more complicated flows as the separated boundary layer.
More particularly, a similar analysis, as the sensitivity of

FIG. 12. �Color online� �a� Space-time diagram obtained from TS modes by
the BiGlobal approach representing the evolution in space and time of the
crests of the wave packet for the domain D3. �b� Space-time diagram ob-
tained by the steepest descent approach representing positive values of am-
plification rate �st in space and time of the wave packet generated by a pulse
at the beginning of the domain. The borders of the wave packet from the
BiGlobal analysis are represented by black lines.

FIG. 13. �Color online� Positions of an equivalent of the continuous branch
in the BiGlobal analysis illustrated by dotted vertical lines for D3.
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global modes, could explain some phenomenon as unsteadi-
ness not revealed with the classical approach where the par-
allelism hypothesis cannot be relevant.
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APPENDIX A: DETAILS ON THE NUMERICAL
METHOD

1. Spectral method

The Chebyshev collocation spectral method is used to
approximate the eigenfunctions û, v̂, and p̂. The Gauss-
Lobatto collocation points are considered. The differentiation
matrices are noted as Dx and Dy �see the coefficients in Refs.
38 and 52�. Then the eigenvalue problem �4� can be written
as

�A11 A12 Dx

A21 A22 Dy

Dx Dy C ��û

v̂

p̂
� = i��I 0 0

0 I 0

0 0 0
��û

v̂

p̂
�

with I the identity matrix, and C representing the constraints
for the spurious pressure modes. The coefficients of the ma-
trix A are

A11 = −
1

Re
�Dx

2 + Dy
2� + UDx + VDy +

�U

�x
,

A12 =
�U

�y
,

A21 =
�V

�x
,

A22 = −
1

Re
�Dx

2 + Dy
2� + UDx + VDy +

�V

�y
.

In order to map the boundary layer domain from the
Gauss-Lobatto points defined between �−1,1�, a Jacobian
matrix is applied on differentiation matrices. The transforma-
tion following the y axis keeps the points close to the wall.

2. Spurious pressure modes

The treatment of the pressure for incompressible flow
using a Chebyshev/Chebyshev discretization is not quite ob-
vious and more particularly for an eigenvalue problem. Some
authors such as Theofilis26 proposed using compatibility con-
ditions for pressure based on momentum equation projection
on the normal direction of the boundary condition. Other-
wise, Ehrenstein and Gallaire27 indicated imposing only con-
straints on spurious pressure modes in order to verify the
incompressibility everywhere. In order to not be influenced
by pressure boundary conditions, the second options is cho-
sen. For that the same method as Philips and Roberts37 in
their DNS calculation of a lid driven cavity is used. In a
Chebyshev polynomials basis the pressure can be written as

p̂�x,y� = �
l=0

ny

�
k=0

nx

Tk�x�Tl�y�p̂k,l �A1�

with Tk�x�=cos�k cos−1x�. The pressure perturbation terms in
the system �3� only occurs as a gradient in the momentum
equation. Consequently modes Tnx

�x�T0�y�, T0�x�Tny
�y�, and

Tnx
�x�Tny

�y� �line, column, and checkerboard modes, respec-
tively� are termed as spurious because they have no effect on
the velocity perturbation. At these modes the corners modes
defined by �1±x�Tnx

� �1±y�Tny
� and the constant mode

T0�x�T0�y� representing the mean value of the pressure per-
turbation �see Refs. 38, 52, and 37� has been added. Follow-
ing the article of Philips and Roberts37 the constant, line,
column, and checkerboard modes are imposed at zero,

p̂0,0 = p̂nx,0 = p̂nx,ny
= p̂0,ny

= 0. �A2�

A collocation spectral being used the relations �A2� have to
be written in the physical space,

FIG. 14. �Color online� Deltas are associated with ymax=25 and squares to
ymax=20.

FIG. 15. �Color online� Circles are associated with Nx=170 and squares to
Nx=180.

FIG. 16. �Color online� Circles are associated with �0=0.1 and squares to
�0=0.08.

FIG. 17. Transient growth leading to the optimal energy for the two �0

values. The dotted line �0=0.1 and the solid line �0=0.08.
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p̂i,j =
2

nxny

1

cicj
�
p=0

nx

�
l=0

ny

p̂�xj,yl�Ti�xp�Tj�yl�
1

cpcl
�A3�

with

ck = �2 if k = 0 or nx or ny

1 if k � 1.
� �A4�

Finally these constraints are imposed on collocation points
adjacent to the corners. For the corner modes the continuity
is not imposed because at these points the free divergence is
completely defined �see Peyret38�. Finally the continuity
equation is imposed on all other collocation points of the
domain’s borders.

APPENDIX B: DETAILS ON NUMERICAL
PARAMETERS

The domain D3 is considered in the next results.

1. Influence of the upper boundary limit
in the BiGlobal approach

In order to quantify the influence of the ymax value and
more particularly if this distance is far enough from the wall,
another computation is performed on ymax=25. From the re-
sults shown in Fig. 14, the difference between the two com-
putations is really weak. Consequently the upper boundary
condition fixed at 20 seems to be quite far enough from the
wall to not influence the presented results.

2. Influence of the discretization
in the streamwise direction

In order to be trustful that the global modes are not in-
fluenced by the streamwise discretization, another computa-
tion is performed with Nx=170 and compared with the re-

sults previously discussed on this article. Figure 15 illustrates
thus that the spectrum is independent of the x discretization.

3. Influence of �0 at inflow

In order to evaluate the influence of the �0 value at the
inflow boundary condition, a computation is performed with
two different values: �0=0.08, corresponding to the results
presented in the article, and �0=0.1. The comparison is
shown in Fig. 16; the position and space between each fre-
quency are almost identical and there is a small difference
between the temporal amplification rate values. It can thus be
supposed that the �0 value does not have an influence on the
interference creating the wave packet but can change slightly
the position of the beginning of the development of this last
one. To illustrate this last comment, a transient growth analy-
sis is performed on the global modes corresponding to
�0=0.1. Results are shown in Figs. 17 and 18, where the
temporal and the spatial evolution of the wave packet are
analyzed. The spatial evolution of the wave packet being
provided with the energy value, E�x , t�=�0

ymax��u�x ,y , t��2
+ �v�x ,y , t��2�dy, is defined on each streamwise position for
each time. The envelope characterizes the spatial evolution
of the wave packet. For the two different values of �0, the
respective wave packets are identical but for �0=0.1 it be-
gins in space before those characterized by �=0.08 �the be-
ginning abscissa is defined by vertical lines in Fig. 18�. Con-
sequently, the wave packet evolves in a slightly longer time
�Fig. 17�. The described phenomenon is then independent of
the �0 value.
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