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Objectives
1

To analyse the space-time dynamics in non parallel separated flows
with a global linear stability approach,

2

To study the sensitivity and the optimal response forcing.

1

flat plate boundary-layer flow,

2

incompressible regime at low
Reynolds number,

3

Separated zone is generated by
normal velocity suction profile.
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Movie from IAG/Stuttgart University, with courtesy of U. Rist.
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Outline

1

Theoretical background,

2

Base flow: configuration & computation,
Results:

3

1
2
3
4
4

Asymptotic dynamics,
Transient dynamics,
Sensitivity by pseudo-spectrum approach,
Optimal forcing response to harmonic real forcing.

Conclusions
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Theoretical background: global stability approach (1)
General aspects:
Instantaneous flow: Q(x, y , z, t) = Q(x, y ) + εq(x, y , z, t) with ε << 1
base flow: Q(x, y ) = (U, 0, P)t , steady and two-dimensional.
t

small perturbation: q(x, y , z, t) = (u, p) (x, y , t) e i βz .

Linearized perturbated evolution operator:

∂q

 B
= Aq + fe i σt ,
∂t


q0 the initial condition
the operator A and B are deducted from the linearized Navier-Stokes
equations,
f is a spatially localized forcing term,
σ is the forcing frequency.
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Theoretical background: global stability approach (2)

Global modes decomposition:
The solution of the evolution equation is decomposed into a global modes
basis where the normal and streamwise directions are taken as
eigendirections:
q (x, y , z, t) =

PN

n=1

q0 (x, y , t = 0) =

Kn q̂n (x, y ) e i (βz−Ωn t) and

PN

n=1

Kn q̂n (x, y )

where Ωn and q̂n solutions of large eigenvalues problem from LNS eq:
(A − ΩB) q̂ = 0
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Base Flow
Reference scales and configuration.
δ ∗ at x = 0 and maximum exterior velocity Ue .
Reδ∗ = 200. Lx = 500 and Ly = 25

Boundary conditions. Suction profiles.
Suction profiles. Three base flows D1, D2 and D3.
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Results: asymptotic global stability analysis, β = 0
Global spectrum (Nx = 250,
Ny = 48). Krylov subspace: 850
Lx = 400. Three kinds of
global modes F1, F2 and F3.

D3: F1, F2 and F3
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Similar studies:
U. Ehrenstein and F. Gallaire.
On two dimensional temporal modes in spatially
evolving open flows: the flat-plate boundary layer.
J. Fluid Mech, 78:4387–4390, 2005.
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Theoretical background: transient growth analysis
Transient growth related to the non normality of the global operator. [1, 2].
To maximize the quantity G (t):
Z Ly Z
< ui , uj >E =
0

0

Lx

(ui⋆ uj + vi⋆ vj ) dxdy

2

G (t) = max
u0

ku (t)kE
2
ku0 kE

= sv1

Fexp (tD) F−1

2

2

with D, Dl,k = −δlk iΩk and M = F⋆ F, Mi ,j =< ui , uj >E
Precursor studies:
C. Cossu and J.-M. Chomaz.
Global measures of local convective instabilities.
Phys. Rev. Lett., 78:4387–4390, 1997.
P.J. Schmid
Nonmodal stability theory.
Annu. Rev. Fluid Mech., 39:129–162, 2007.
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Results: Transient growth analysis, β = 0

G(t)

Transient growth for the bubble
D3.
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Optimal perturbation: streamwise
velocity at different times
(t = 0, 200, 380).
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Convergence of the global modes basis.
First phase: High increasing of the energy
associated to the optimal perturbation. Orr and
Kelvin-Helmholtz mechanisms induced by the
shear layer. Non normality of normal and
streamwise direction.
Second phase: Energy decreasing - asymptotic
dynamics reached.
Similar studies:
Åkervik et al.
Optimal growth, model reduction and control in a
separated boundary layer flow using global
eigenmodes. J. Fluid Mech., 579, 305–314, 2007
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Two-dimensional global low-frequency oscillations in a
separating boundary-layer flow. in press, 2008.
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Partial conclusions & new motivations
Partial conclusion
This analysis have shown, in fully non-parallel context (global modes
analysis) that the linearized dynamics inside a laminar separation bubble is
strongly non-normal (high transient growth - Orr & K-H mechanisms) and
mainly dominated by convective instability for the long times.
New motivations
It seems interesting to develop a strategy based on the non-normality by
means of global modes in order to describe the convective instability related
to the response of an harmonic forcing of the laminar separation bubble.
Two way are investigated:
1

2

Study of basin of sensitivity of each global modes for fixed forcing:
pseudo-spectrum computation.
Study of optimal response forcing at harmonic forcing: optimal
resolvant R(Ωf ) computation.
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Theoretical background: sensitivity analysis.
In this ”global” framework the existence of convective waves as a response
to an harmonic forcing is related to a near resonant which can be explained
by the non normality of the operator associated to the initial value prob- lem.
This particularity can be introduced by the analysis of the pseudo-spectrum
of the operator:
B∂q/∂t = Aq + fe i σt
General and asymptotic solutions:
q̃ = q0 e Dt + f̂e i σt when q̃

−→ f̂e i σt
t→∞

with (iσB − A)f̂ = f

Pseudo-spectrum evaluates the sensitivity to real harmonic forcing

λǫ = σ ∈ C, kP(σ)k ≥ ǫ−1 with P(σ) = (iσB − A)−1 ,
The system being too large to solve the entire pseudospectrum λǫ , the
Hessenberg matrix resulting from the Arnoldi calculation is used as an
approximation.
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Results: sensitivity analysis, β = 0
Pseudo spectrum.

Strong sensitivity for
convective modes,
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modes most sensitive are
closed to Ωr ≈ 0.08,
=⇒ strong sensitivity can
triggered a vortex shedding
phenomenon.

Instantaneous vorticity: f ≈ 0.08/2π

Good comparison with 2D-DNS results (forcing by a white noise):
dominant ΩDNS ≃ 0.0851 and Ωstab = 0.0849.
Sensitivity - Optimal Forcing

J.-Ch. Robinet

SINUMEF - DIMEG/CEMEC

ICTAM - 2008

12/18

Theoretical background: optimal forcing response.
We will now investigate more precisely the shape of the response and the
mechanism associated to the real harmonic forcing.
The response for long times to an harmonic forcing associated to the
perturbation can be formulated as a summation of temporal modes:
B∂q/∂t = Aq + F ,
with harmonic forcing: F (x, t) =

P

qk (x)e
k fk b

Flow response is given by:
X
q(x, t) =
Kk,h e −i Ωk t −
k

−i Ωf t

ifk
e −i Ωf t
(Ωf − Ωk )



b
qk (x)

The maximum response of the separated flow to a forcing is given by:
R(Ωf ) = max
F


kqkE
= kFDf F−1 k2 = sv1 FDf F−1
kF kE
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Results: optimal forcing response (1)
Evolution of the value of R(Ωf ) with the
number of temporal modes for Lx = 400
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Results: optimal forcing response (2)
optimal initial forcing for Ωf = 0.07

Comparison at y = 2 and Ωf = 0.07
between the linearized DNS and the
500 temporal modes summation
DNS L=500
DNS L=525
Temporal modes
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For very short time, Orr mechanism is present (the spatial evolution is
similar to that observed in the transient growth study).
Linearized DNS, initialized with optimal initial forcing, gives similar results:
same velocity, same spatial evolution.
For a long time, the spatial structure for the perturbation is close to
Tollmien-Schlichting waves.
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Conclusions and prospects

Conclusions
Possibility to analyse the transient and asymptotic behaviour of the separated flow with a reduced model based on
global modes.
At this Reynolds number, Reδ⋆ = 200, two different mechanisms: high 2D transient mechanism (Gmax ≃ 108 ,
tmax ≃ 350) and a 3D centrifugal mechanism, what is the dominant mechanism?
Sensitivity of the complete spectrum: high sensitivity for the convective modes. This high sensitivity can triggered a
vortex shedding phenomenon based on the Kelvin-Helmholtz instability.
Optimal response to the forcing: the resolvant presents a peak in the vicinity of the most sensitive modes (Ω ≈ 0.07).

Prospects
Taking into account the non linear aspects,
Control strategy ? (for the short time ? for the long time ?),
Three dimensional transient growth, lift-up-effect ?
Direct-adjoint strategy, comparison with the reduced model ?
Direct numerical simulation and experiments.
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Numerical methods
Base flows:
Incompressible 2D Navier Stokes equations in (ω, ψ):


∂ω
∂ω
∂ω
1 ∂ 2ω ∂ 2 ω
+u
+v
=
+
∂t
∂x
∂y
Re ∂x 2
∂y 2
and ∆ψ = ω,
Second order finite differences scheme.
A semi-implicit AB2/CN for the time integration.
Direct Solver for implicit system and Poisson equation.

Eigenvalues problem:
Chebyshev/ Chebyshev collocation spectral.
Shift and Invert Arnoldi algorithm. Large Krylov subspace.
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Results: asymptotic global stability analysis, β 6= 0
Spectrum. β = 0.08
0.01

Isovorticity contours: MGS
and MGort
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Strongly dependant of the bubble shape.
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